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INTRODUCTION. 



on the Nature and use of 

LOGARITHMS. 

Art. i. T OGARITHMS are a fet of artificial 

-**-* numbers, adapted to the common, or 
natural numbers, i, 2, 3, 4, 5, &c. in order to faci- 
litate arithmetical calculations. 

2. Def. Let a be a conftant quantity, and x be 
Variable, and put oF <= b - s then x h the logarithm 
of*.. « 

$. Cor. Hence, if for x we write o, 1, 2, 3, 4, 5-, 
&c. the correfponding values of * will be a% a*, d*> 
a*, a 4 , a% &c. If therefore the natural numbers bo 
taken in geometrical progreffion, their refpc&ive log^» 
rithms will be in arithmetical progreffion. 

From this definition of logarithms, we immedi- 
ately deduce thofe properties which reader them 
ufeful in ihorteitfng numerical computations 

A 4. 2t 
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2 MATURE. AND USE OF LOGA.RITH.MS. 

4. To multiply numbers together ■, by logarithms. 

Rule. Add the logarithms of the numbers toge- 
ther, and the funi is the logarithm of their produft. 

For let a* = b, a*=:c, a x = d; then, a x +J+ z = bcJ; 
and (2 *) # is the logarithm of b y y the logarithm of c, z 
the logarithm of d, and x +y+z is the logarithm oibcd. 

5. To divide one number by another, by logarithms. 

Rule. From tlje logarithm of the dividend, fub- 
tra& the logarithm of the divifor, and the remainder 
is the logarithm of the quotient. 

For lei **=£, ay = c; then - = — = a?-y ; and 

c ay 

(2) x is the logarithm -of b 9 y the logarithm of <> and 

h 

x - y is the logarithm of - . 

* ' * ' t r- 

[ 6. To rtiife a number to any pdiber y by logarithms. 

Rule. Multiply the logarithm of the root by the 
iridex v of the power, and the produft is the logarithm 
of .the power. . 

'For let d*=#! s then a rx = b r ; and (2) *• is the loga- 
rithm of b, and r# is the logarithm 6f b r . 

i-j^Tp-extra&the root of any number •, ^y logarithms'^ 

" Rule. Divide the logarithm bf the given number, 
by the nuriibtei" which expreffes the root to be ex- 
tfafted, and the* quotient is the logarithm of the root. 



ti- 



For let a* = b; then a r = b r ; and (2) x is the 
logarithm of b\ and - is the logarithm of b? 

• The figures itiVparchthefis refer to*he Articles. 



x * ' 

logarithm of £ and - is the logarithm of b?. ' j 
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NATURE AND U$J5 OF LOGARITHMS/ J 

Thus it 1 appears,, that multiplication may be per* 
formed by the additiort of logarithms;- divifion, by' • 
the fubtra&ion of logarithms; the raijifcg of powers, 
by the multiplication of# logarithm; and the extradt- 
ing of roots* by the divifion of a logarithm* 

8. As a may be aflumed any number, we may have 
the fame fet of logarithms adapted to different fets of 
natural numbers ; and the fame fet of natural num- 
bers may have different, fets of logarithms. But as 
<z°s= i, in every fyftem the logarithm of i is o. 

9. The Tables of logarithms in commpn ufe, are 
conftru&ed upon fuppofition that 0=10* Now ia° 

= i, io x =ic, io*=iop, IO 3 s=X00O, io 4 =ioooo> 
&c. hence, in this fyftem, the log. of 1 is o; the log. 
of 10 is 1 ; the log. of 100 is 2 ; the log. of iqoq is 3 ; 
the log. of 1 0000 is 4; &c. and, in general, if io* = b, 
# is the logarithm of b. Hence, the logarithms of all 
numbers. from 1 to 10 are exprefied by 0, with deci- 
mals; from tq to 100, they are expreflTcd by 1, with\ 
decimals; from iqo to 1000, they are exprefflad by 2 % 
with decimals; from 1000 to 10000, they are expreflbd 
by 3, with decimals; &c. • Thefe, numbers o, 1, 2, 
3, &c. are called indices, and the index is always lefs 
by unity than the number of figures in the integral 
part of the correfponding natural number. One me- 
thod of finding the logarithms of the intermediate 
numbers between 1 and jo, 10 and 100, 100 and 
1000, &c. has been from the equation io* = £, by 
finding #, having given b. But it is not our intention 
to (how the methods of computing logarithms. 

10. ,The logarithm of 76348 is 4,8827972; for 
10 4 >* 8l797 \= 76348 ; «divide by 10, and we get 
io 3 ' il27 * 7 * = 7634,8; divide again 6y 10, and we get 

a 2 10 
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4 NATURE AND V%E OF LOGARITHMS. 

ic MII,wl s= 763,48 j and fo on. Hence, if any num- 
ber be multiplied or divided by 1 o, the index of it's 
logarithm will be increafed or diminiflied by 1, the 
decimal part remaining the fame. * If therefore we con- 
tinue to divide by 10 till the number becomes lefs than 
unity, and the index be negative, the decimal part is 
ftill pofitive ; on which account, the negative fign is 
put over the index, becaufe that is the only figure af- 
fefted by it. When therefore the Negative fign is put 
over the index, it is to be underftood that the index 
is negative, and the decimal part pofitive ; but when 
the negative fign is put before the index* it is here ta 
be underftood, that both index and decimal part are 
negative.- 

1 1 * If the feries be continued downwards below 1 , 
' as io', 10% 10 1 , ioVio- 1 , 10-*, io"3, &c. the re- 
fpe&ive logarithms are 3, 2, 1, o, — 1, - 2, - 3, &c. 
Therefore the logarithm of any number which ftand& 
between any two terms of the firft feries, has for it's 
index the index of the leaflf of thofe two terms, toge- 
ther with a decimal which is always pofitive, unJefs 
other wife fpecified. 

Thus, the logarithm of any number between 

. 1b 3 and 10* is 2, + dec. 

10* and 10 1 is i,+dec, 

io x and io° is 0, + dec. 

io° and 10"* is 1,+dec. 

io" 1 and io" 1 is % % + dec. 
..jx>"* apd io~* is 3,+dec. 
&c. &c 

The logarithm thus exprefieel is the true logarithm. 
v . * 12. Some- 



KATXTRE AND tTSE OP LOGARITHMS. 5 

12. Sometimes, ihftead of writing the index ne- 
gative, 10 is added to it, and the index becomes 
politive; in this cafe, the logarithm of any mimbelr 
between 



io b and io" x is 9,+dec. 
10" 1 and 10"* i$ 8,+dec. 
10'* and io" 3 is 7,+ dec. - 



&C. &C. 

13. But here, when we come to 10" 10 , the in- 
dex becomes negative; in this cafe therefore, to 
preferve the index poiitive, it is ufual to- add ioo 
to the index ; hence, the logarithm of any number 
between 

io° yid io~ z is 99,+dec. 
io -1 and io - * is 98, + dec. 
io~* and io"* is 97,+dec. 
&c. &c. 

14. Hence, we have the following gradation of 
numbers and their logarithm*, the logarithms of de- 
cimal numbers being wjitten each way. 
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Number. 



\True Logarithm 



76348 


4,8827972 


7634,8 


3,8827972 


763,48 


2,8827972 


76,348 


1,8827972 


,7,6348 


.0,8827972 


>7 6 348 


1,8827972 


,076348 


7,8827972 


,0076348 


3,8827972 


,00076348 


4,8827972 



Logarithm 

of decimal 
mitabersy 
adding 10 

to the index. 



Logarithm 

of decimal 

numbers, 

adding 100 

to the index. 



(^r- 



9,8827972 
8,8827972 
7,8827972 
6,8827972 



99,8827972 
98,8827972 
97,8827972 
96,8827972 



w '* 
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The negative index denotes how many places the 
firft fignificant figure of the decimal number is below 
unity; and when io, or 100 is fcdded to the index, 
how much fiich index wants of 10, or 100, denotes 
the fame. The negative index; however, is that which 
ftands in the regular fcale of logarithms, and always 
reprefents the true logarithm of ^ decimal, and of that 
' One 'touriibertfnly; 1 whereas, the logarithm of a deci- 
"mal, expreflecT by adding 10, "of 100, to the index, is 
10, or 100 topgfeat, and exprefFes alfo the logarithm 
of a number greater than unity. Thus, 4,8827973 
is the logarithm of 76348 -, and confidering it as the 
logarithm of a decimal (12), it is alfo the logarithm 
pf 0,0000076348. By ufing the negative index, 
there is no danger of a miftake, and every fource of 
error (hould be cut off; we (hall therefore derive all 
our conclufions in terms of the true logarithm. 
. 15, At the end. of any operation where the loga- 
* rithiri of a decimal is taken by adding 10 to the 

index, 



NATURE AND USE. OF LOGARITHMS. ^ 

mdex> .and th^t logarithm is added, tbctio added 
muft be fubtrafted -, and if there be any number (r) 
of fuch logarithms added, then lor muft be Jubtrafled, 
and. the refult will be- the true logarithm. But if. a 
logarithm of this kind is to be' fubtrafted, then ia 
muft be added to the refulting index, to giye the true 
logarithm; for by fubtradting a quantity which h 10 
above .it's true valuer, you make the refult 10 lefs than 
it's true valae, and therefore 10 muft, be added to 
give the true logarithm. In like manner, if you add 
100 to the index, you muft, in the rfojrmer cafe* 
fubtraft ioo from the index for every fuch logarithm 
added ; and in the latter cafe, you muft add iqq, for 
the logarithm which is fubtra£ted\ and the refult will 
be the true logarithm. 

r — ■ . * * . 

• * • * 1 I 

1 6. To find the logarithm of a number cdnfijling pf one, 
two, three, or four figures. 

Rule, The logarithms of all numbers to ioo are 
put down with their proper indices; and from ioo the 
logarithms are put down without their indices; and 
when the logarithm is taken out, it is the, decimal. part, 
only of the logarithmy and the index is fupplied, being 
always lefs by unity than the number of figure^ih the 
integral part of the given number (9). Enwh 100 
to 1000, the decimal part of the logarithm ftands in 
the column (Log;) dire&ly againft the correfponding 
number in the ; column. (iV) ; and as the two.firft fU 
gures are common to feveral logarithms,! they are not 
repeated till they alter; they are therefore to be 'pre* 
fixed to tfee five others in the lines below them, till you 
come. to j&e next two common figures. The decimal 
part of the logarithm' of a. number confifting of/aur 

a 4 figures 



8 NATURE AND USE OF LOGARITHMS, 

figures is found in the fecond column under o at the 
head, diredly againft the number in the firft column. 
And in taking out the logarithm correfponding to any 
number confiding of four or more figures, the three 
firft figures of the decimal part of the logarithm are 
found in the fecond column, and thefe are common 
to all the figures in that and in the other nine co- 
lumns, till you come to the next three figures -, ex- 
cept when the firft figure on the left of the other four 
figures, found in that or in the other nine columns, 
changes from 9 to 0, in which cafe, the next three 
figures are to be prefixed to the four figures thus be- 
ginning with o* and to ekch of the four following fi- 
gures in the fame horizontal line. For example : the 
decimal part of the logarithm of 30837 is 4890721 ; 
•for though^ againft 3083 the three common figures 
next above are 488, yet from the third to the fourth 
column, the firft of the next four figures changes from 
9 to o, therefore w$ muft take 489 for the three firft 
figures. 

1 7. To find the logarithm of a number having five figures. 

Rule. ' Find the firft four figures of the given 

number in the firft column of the Table, and even 

with them in the fecond column, take out the three 

firft common figures ; go on in the fame horizontal 

line till yoy come to the column which has at it's head 

the fifth figure of the given number, and take out the 

four figures there found, and annex them to the right 

of the three before found, and you have the decimal 

part of the logarithm ; and the index is the number 

which is lefs by unity than the number of integral 

figures in the given number (9). 

Ex, 
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X r 

Ex. Let tie given number be 39217, 

Here, in the fecond column againft 3921, you find 
593 the three firft figures, and in the fame hbrjzontai 
line under 7, you have 4744 5 therefore the required 
logarithm is 4,5934744. 

1 8. To find the logarithm of a number having fix figures* 

"V ' ' 

Rule, Find the decimal part of the logarithm for 
the firft five figures (17), and take the difference (d) 
between that logarithm and the logarithm next greater; 
then find that difference in the laft column but one 
marked D, and under tfyat difference in the laft column 
jnarked Pts (proportional parts) againft the figure in the 
fixth place, you hare the part to be added for that figure* 

Ex. JLet the given number be^gz 17$. 

*The decimal p^rt of the logarithm fdr the firft five 
figures is 5934744, the difference between which ^nd 
the 'next greater logarithm is 116; and in the laft 
column under 1 10, and againft 6, you find 66; there- 
fore the decimal part of the logarithm is 5934744+ 
66 =5934810 ; and there being fix places of integral 
figures, the required logarithm is 5,5934810. 

1 9 . To find the logarithm of a number having (dvenfigures. 

> Rule. Find the decimal part of the logarithm for 
the firft fix figures (18); then divide the number in 
that part of the column Pts having (*/) at it's head 
correfpiroding to the feventh figure, by 10, and add it 
to the decimal part of the logarithm for the firft -fix 
figures f remembering to place the firft figure on the 

right 
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right of the quantity added, in the eighth place of the 
logarithm. 

Ex. Let the given number & 3921764. 

The decimal part of the. logarithm for the firft fix 
figures is 5934810; and in the laft column under no," 
44 ftands againft 4, the tenth part of which is 4,4 ; 
therefore the decimal part of the logarithm is 59348 144 ^ 
and there being feven places of whole numbers, the . 
required logarithm is 6,59348144. 

20, To find tie. logarithm of a number having eight jlgurer 

Rule. Find the decimal part of the logarithm for 
the firft feven figures (19); then divide the number 
in that part of the column P# having (d) at it's head 
correfponding to the eighth figure, by 100, and it will 
give you the number to be added to the decimal part 
of the logarithm, for that figure ; remembering that 
if the quotient confift of an integer and decimals, the 
integer muftftand in the feventh place ; and if there 
be only decimals, the firft decimal on the feft muft 
ftand in the .eighth place, 

E x. Let the given number be 39217648. 

The decimal part of the logarithm for the firft feven 
figures it 59348144; and in the laft column under 
1 10, 88 ftands againft 8, which divided by ioo, gives 
Oj88 ; hence, the decimal part of the logarithm is 
593481528; and there being eight places of whole 
numbers,' the required logarithm is 7,593481528. ' 

21. If the given number be not all integral, the 
decimal part of the logarithm is found in the fame 
manner, and the index is lefe by unity than the num- 
bej'of figures in the integral' part (9), . • 
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Ex. Let the given number be 392,1764. 

Here, the decimal part of the logarithm is 59348,14; 
hence, the logarithm required is 2,5934814. : 

.. £2. To find the logarithm of a decimal. 

Rule. Omitting the decimal cyphers on the left, 
if there be any, find the logarithm correfponding to 
the other part, as for a whole number, and (14) annex 
a negative index, which exprefies how far the firft figni- 
fi'cant figure of the decimal, is from^the place of units. 
Or, if you write the logarithm with a pofitive index, 
the index will be as much below 9, or 99, as there arc 
decimal cyphers on the left. 

Ex. To find the logarithm of 0,0004346* 

Look into the Table, and againft 4346, you will 
find the logarithm 6380897; and there, being three 
decimal cyphers on the? kfc of the fignificant figures, 

the required .logarithm* becomes 4,638089.7, if ex- 
preiTed by a negative index; or 6,6330397, if.ex- 
prefied by a pofitive index,. 

23. To find the number to five figures anfwering to my 
given logarithm. . 

Rjj-le. Negleft the index, and feek for the deci- 
mal p^rfc of the logarithm, the three firft figures in the 
fecoqd column, and the other four in any of the 
columns, and even with thefe four figures in the firft 
..column 'Hi you -have the firft four figures of the re- 
quired juimb<?r ; snd the fifth figure is that which 

jfoijds at thp head of the £Qlumn where tfie four fi- 
gures 
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gurcs were found; and the number of integral figures 
is greater by unity than the index (9). 

Ex. Let the given logarithm be 2*4967775. 

Haying found the three firft decimal figures 496 
in the fecond column, againft 7775 you find 3138 
in the firft column, and at the head of 7775 you 
find 9, which annexed to 3138 make 31389; and the 
index being z, the required number is 313*89. 

If the logarithm be found exa&ly, and the index be 
greater than 4, cyphers muft be added to the right of 
the five figures, till the whole number of figures be 
greater by unity than the index; for by increafing the 
index by 1 v you make the correfponding number ten 
times greater (10), 

14. To find the number to fix or feven fignres % anj- 
wering to any given logarithm* ' 

Rule:' The given logarithm (A) not being found 
exaftly in the Table, take the next lefs (B) ? and in the 
column PtSy having at it's head the difference between 
the logarithm B and the next greater logarithm, look 
for A -By and againft it you have the fixth figure; but 
ifA-B be not found exaftly, take the figure in the 
column Pts correfponding to the .next lefs number 
than A - Bi for tfefixth figure required; then take the 
difference between A—B and the next lefs number in 
the column Pts, and prefix a cypher to the right* and 
againft that number, or the neareft to it, you have the 
feveutk figure required ; and the number of integral 
figures is greater by unity than the index*- 

Ex. 
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£z. What is the number correfponding totie logarithm 
6,4970385? 

The difference between the logarithms next greater 
and jefs than the given logarithm* is 139; this number 
therefore (lands at the head of the column Pts to be 
entered* 

Given log. - - 6,497038^ = ^ 

Next lefs log. - - 6,4970264=2? 



m+m—*mmim*>*t+m 



S is the fixth figure • - in next lefs. 

7 is the feventh figure - - 106 

1 H i 1 m 

Now the firft five figures of the number aniwering 
to 2?, are 314071 therefore the required number is 

3*40787- ' ■ 

25. Or the additional figures, as many as may be 
required, may be found thus. Add as many cyphers 
to the right of ^— B as you want additional figures, 
and divide that quantity by the difference between the 
logarithm B and the next greater logarithm, and the 
quotient gives the figures required. 

In the laft example, if we add two cyphers to A - 2?, 
it becomes 12 100, which divided by 139 (the diffe- 
rence of the logarithm B and the next greater loga- 
rithm,) the quotient is -87 the two next figures. 

26, If the given logarithm be the logarithm of a de- 
cimal with a pofitive index (12), find the number corref- 
ponding to the decimal part, and prefix as many decimal 
cyphers to the left of it, as the index wants of 9 (14). 

Ex. 
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Ex. Let the logarithm be 6,6380897, and let it re* 

prejent the logarithm b/a decimal* with a pofitive index. 

Look into the Table, and againft thejog. 6380897 
you find the number 4346; and the index 6 being 3. 
lefs than 9, there muft be three cyphers added to the 
lefts hence, the required decimal number is 0,0004346. 

27. If the logarithm be written with a negative in- 
dex, as.4^63.80897, find the fignificant figures of'the 
correfponding number as before, and the indes fhows 
how many places the firft fignificant figure is below 
unity. 

28. To find the logarithm of a proper ffaftion. 

Rule. Add 10 to the index of the logarithm of the 
numerator, and fiibtraft the logarithm of the denomina:* 
tor from it, and you get the logarithm of the fradion, 
expreffed by a pofitive index, having 10 added to the 
index, as in decimal*. Or, fubtradt the logarithm of 
the denominator from that of the numerator, and you 
get' the logarithm of the fra&ion, expreffed by a nega- 
tive index. . . 



* * * 



Ex. To find the logarithm pf$* 

■ ■ 5 • 

Here, by the Rule, the logarithm is 10, + log, 3 - 
log- 5 ==IO >477 I2I 3~°> 6 9897oo=9,778i5i3. Or, 
the required logarithm is log. 3 — log. 5 = 0,4771213 
-0,6989700= 1, 778 15 13. 

29. When 

• It jnay alfo reprefent the logarithm of a whole number having 
feven figures. 



1 



. 1 
i 



1 



NATURE AND ttSE OF LOGARITHMS* 1$ 

29. When it is required to incorporate feveral lor 
garithms by. addition and fubtra&ion, it' will be more 
convenient to convert the fubtradtioa into ao addition, 
by writing down,,inftead of the logarithm to be fub- 
ti-afted, what it wants of j'o,ooodooo, which you 
ni ay very readily do, by writing down what (he firft 
figure on the right wants of 10, and what every other 
figure wants of 9; this is called the Arithmetic Com* 
plement. For inftance, if the logarithtn be 7>4693"S75,, 
it's arithmetic complement is 2,5306125. If one or 
more figures to the right be cyphers, write ^cyphers in 
their pkcey and take the firft iignificant figure on the 
right, from 10, and the other figures from 9. Thus, 
if the logarithm be 5.^3 864000, it's arithmetic com- 
plement is 4,6136000. In any operation therefore, 
having 'taken the arithmetic complements of all the- 
' quantities to. be fubtra&ed, the nuriiber of which we 
will fuppofeito her, arid added the whole together, J 
you muft fubtradt 10 r from the index. The reafori 
of this is' evident ; for to add what a number wants of 
to, muft evidently make a quantity greater by 10, 
than if you had fubtra&ed that number. For in- 
ftance ; 14 + 6 is greater by 10 than 14-4. If the 
index of the quantity whofe arithmetic complement 
you want td take* be greater, than 10, "write do wfl 
what the index wants., of 20, and after the addition, 
(iibtraft 2a from'the index. . ;,; , 

30. When you have a logarithm with a: iterative 
index, it will fbmetiines. be cohvenient to reduce the 
whole toa 'riegatiTC quantity^; and this « is done, by 
fubtra&bgl frpnh the index, taking the arithmetic com- 
plement of £he decimal pflfrt* and prefixmg: the fign *± 
before the index, fo as to affedt the. whole -, for by tfck 
• ' : • <. opera- 



t& NATURE Afrb tTSE OP tOOARITHtt*. 

operation, you increafc the value of tke index by 
unity, and diminifti that of the decimd pftn by unity* 
and'therefore the value of the logarithm i$ not aJtered. 
Thus, 3,5972684= - 2,4027316 ^ thefe we fhall call 
negative logarithms. * This reduction will often be 
f6und convenient when you want to multiply or divide 
a logarithm with a negative index, for otherwife, you 
itiuft, in general, multiply or divide the index, and 
the decimal part, feparately. And here, the refulting 
quantity mull be reduced back again to it's negative 
index, and, pofitive decimal, in order to render it 
conformable td the fcale of logarithms in the Tables 9 
and this is done, by adding 1 to the index, and taking 
the arithmetic complement of the decimal part. 
Thus, -3,5946281=^,4053719. The above re- 
duction to a negative logarithm, if you want to fub- 
trad fuch a logarithm, is very convenient, for you 
have then only to add the logarithm after you have 
reduced it. Thus, if you want to fubtradl "3,597264?, 
you may add, 2,4027316, and the operation is per- 
formed ; for the fubtra&ion of a negative quantity, is 
the fame as the addition of a pofitive quantity of the 
iame magnitude. 

3 1 . When you have to fubtraft the logarithm of 
a decimal, and you write the logarithm by adding 10 
to the index, you may take ids arithmetic complement 
and add it, and it gives the true refult. For if you add 
the arithmetic complement, it makes* tha refult greater 
by ro, than if you had fubtra&ed the logarithm itfelf $ 
but as the logarithm is 10 too great, byfubtrafting 
it, the refult becomes jua too little \v therefore by 
adding the arithmetic complement, ; you get the tru* 
jefulr. 

Having 



f 
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' Harrmg explained tfalp principles of logarithms, no 
proceed xo exemplify tfcdr ofe-iii mimerical calo&k* 
tions; . . - . »;., ... •• 



<- 



* 32; Ji mnftitfy numbers together. . ,..," ,., 

rr, Uvt^ ; If the numbers be grater thail unity, adcl 
flieta logarithms together, tod the fum is the logarithm 
Of the product (4), 

; - . £x< u What is the produff oft,jix$$x 4*9* 

I >5797 8 3 6 - — — . * " " 3* 

I 1,6901961 ■ , 1 '• * * 4,9 , . 

* ■■* « 1*11 ■ ■! p ll ■■ - --' - - • 

3,7029490 « ■ • ' ■ " ■ * *■ 5646,02 Produft. 

33 v . If any of the numbers be* below unity, the rule 
b the faoie, if you write their logarithms with th$ 
iiegative index ; for then you have the /^logarithm, 

E&. 2. What is the produtt ef 784 x 0,000079 x 

6)0000036? - ' ; • •■ } " 

6,55^3°^^ Mllh|1 ' u J 4 '*■■ ^ypjadOftjS 



***** 






* ■»*»-»«P>-*«» W h i l( i j , »j| ^i „ »i^^ W> f» WW ^— ^ , ... v f 

rith.ni (Which is pofitive) to the index, which added 
to 2 (the firft index) make 4 for the pofitive part of 

B the. 
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the indeic, and the Negative pirt is n ; therefore the 
(urn h 4- ix=?.-r 7; and (14) there are fix cyphers 
before the firft figntficant figure. 

34. If the operation be performed by adding 10 to 
the index of the logarithm of the decimal factors, and 
there be r fuch faftors, you muftfubtraft ior from 
the index after tJie addition (1 c). We will take the: 

laft example. 

■ » * 

^8943161 log. of ----- 784 

5,8976271 ■ '■ - - - - 0,000079 

4>55^3° 2 5^ ' ".""""" • 0*6000036 



-M— 



before. 



Here, the Index of the fum is 13, and r = i, there- 
fore jo r = 20 ; hence, tjie index is 1 2 — 20 = r- 7. 

J^r If the numbers be fome, or all of them* lefs 
than unity, the product rtiay be found by the following 



* v' 



Rule. Confider the fignificant figures of .each* 
faftor, as whole numbers; add together their loga^ 
rithms ; and fubtraft "as mafty units from the indeif, 
as there are d$eiMal>figures in all the numbers, land 
you have the Jrue. logarithm of the-produ£b 

^br^et the giyea numbers' be n± #, r, &c, andfup- 

pofe them tcrcomahr "^decimals; and leCA; % *C, Tfcc. 

be their refpe&ive values, conceiving the fignificant 

flgffileS 1 to Yeprtfeiit whole numbers] then, by the na-' 
h+ubz ifcrrivv .ycbu: -Hi j: ^/i7;ioq - <r, ..;<••, " ; tu L.i 
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*9 



ture ot decimals, ax fix ex &c. = — ^ 



10 



hence (4, 5), . the logarithm; of 4 x b x < x &c. ==Jk)g.^ 
+log. 5+log. C+&c.-»*. 

• - - , - •; 

Ex. 1. What is the prodtift of 2,4 x 0,00 7 x 0,54 ? 
Here, « = 6; hence, 



1,3862112 log. of - 
0^8450980 ■ - 

*>73 2 S938 - 



24 

7 

54 



3>9577°3° 



0,009072 Produdh 



Here, the index of the fum is 3, from which fqb- 
traft 6 («), and the remainder is -35 therefore the 
firft fignificanrfigure is 3 places below unity (14). - 

Ex. 2. What is the produS of 784 x 0,000079 x 

0,0000036 ? 

1 ) . « • 



Here, « = 1 3 j hence, 

2,8943161 log. of - 
1,8976271 - 

*>55 6 3° 2 5 



784 

79 
36 



• - *• • — . ♦ 



74482457 



0,0000002229696 Produft. 



1 » . 1 • t > 



!f » « .». 



Hera, 



^ Fdr the log. of 10* is n (9). . 

B 2 



Hete, the jqdex of the fum is 6, from which fub* 
t«& 1 3 («), and the remainder is - 7 ; therefore the 
ftrft tigri&ctot figure is 7 places below \micy {14). 

Thus, the produd of decimal fa&ors as well as of 
wjiole numbers, may be always fpun4 bjr taking the 
logarithms of whole numbers only. 

36. To divide one number by another. 

Rule. From the logarithm of the dividend fub- 
tradt the logajrithm of thedivifor, and the remainder 
is the logarithm of the quotient (5). 

Ex. 1. Divide 2,004,64 by 34. - . 

3,3026364. log, of * - 2004,64 . 

^,5314789 r ■» -•.:'¥ 34^ 

1,7705575 ■ - - 58,96 Quotient. 



;e 



4 • 



Ex. 2. Divide 19 by *jz. 

* , * ■» 

1,2787536" log. of - - -* i$ 

1.85733*5, ----.. - 7 2 



•< v 



( /» 



1,421421; — -a — - - .0,2638889 Quotient 






Here, * as we carry i from the decimal t<l the index, 
we have to fubtrad 2 in the index from 1, the re- 
Biaiiider is therefore — 1, which (hows that the firft 
fignificant figure of the quoriqiy; js j p^cjg. fc$p$wity 

In 



tf ATtTRE AHD WE or LOGARITHMS, ft* 

In all cafes the operation is the feme, if the negative 
Index be ufed for the logarithms of all quantities be- 
low unity. 

37. If the dividend b$ lefs, and the diVffbr *be 
greater than trtiity, afcd you write the logarithm <tf the 
former by adding io'fo the index, you niUft add 10 
to the index of thfc logarithm of the Jattefr, ', before? you 
fubtraft. For making each inde* equally too great, 
you get the true difierencSc. ; 

* * * » 

Ex . 'Divide 0,0000 84^714. 

By adding i o to the inde*. 

^,9242793 log, of - - o,oooo#4 
2*8536982 ■■ : '■ - - - 7*4 

7,0705 8 1 i ■ , ". ■ 0,000000 1 1 7 647* Quotient, 

■ I ; , i n ■ 1 ■ 

Here, jo added to % make 1%, which taken from 
£, the remainder is —7. 

3y the negative mcfex, 

* 

1 5,9242793 log. 01 r - 0,000084.. - 
2,8536982 - - - 714 . 

7,0705811 ■ » - 0,0000001117647 Quotient. 



38. If the dividend be greater, and the divifor fcfi 
than unity, and you write the logarithm of the latter 
by adding 10 to the index, yoij muft add 10 to the 
index of tbt logarithm of the former, -befote yaa fcb- 
traft. This fi true; fpr tlie reafon before gfaen. 

B q Ex. 
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Ex. Divide 96 by 0,00042 . 

By adding 10 to the index. 
1,982,271a log. of - - • 96 

6,62,32493 - - 



0,00042 



5»359 02I 9 



• 1 ^ 



225571,4 Quotient. 



Here, 10 added to 1 make 11, from which fub* 
traft 6, and the remainder is 5. 

By the negative index. ' 

1,9822712. log. of - - -. 96, 
4,6232493 — - -. 0^00042 



.# - ««<« *** »--»»i 



5,359° 21 »9 



22.8571,4 Quotient. 



Here,/-4:fv*btra$e<l frojM> tf»e remainder. is 5. 



■* * \ 



39, If the divifor and dividend be both lefs than 
unity, and their logarithms be written by adding 10 
to the index, the fubtraft ion gives the true refult. 
For the true index of each logarithm being equally 
increafed, their difference is the qrue difference. 

Ex. Divide 0,2 by 0,^0057, 

By adding 10 to the index^ 

9,3010300 log. of • - - 0,2 

6,7558749 - - 0,00057 



a>545 l iS l 



350,877 Quotient. . 



•»> 



m* 



im m 



By 
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By the negative ind^x. "~" * .* ' 

v - - » , 

- f f • . 

1,3010300 log. of - - - 0,2 

4»755 8 749 — — " " " 0,0000^7 ; <* 

» 4 t 1 

1 ■ ,» * 

■*»545 1 55 I ". * 35°> 8 77 Quotient: 

m ■ ■ w. i^mmwwi * t u p ' ■ 1^ r T 

Here, carrying i to —4, the fum is — 3, which 
Jubtradted from — 1, the remainder is 2. 

The operation by the negative index is preferable to 
that by the other method, as there' is rib yanety of 
cafes. v ' 



" .- . .• * 



40. If the divifor and dlvidenfLxonfift of faftors, 
of which fomc, or all, are decimal. numbers, the quo- 
tient nlay be found by the following 

Rule, Let the dividend be axbxcx&cc. con* 
taining n decimals in all the faftors together ; and let 
the divifor be sxtxux &c. to r fa&ors, containing 
m decimals in all the fa&ors; and let A, £, C y &c. 
ancl*S> T> U> &c be th^s refpeftiv* values of a, h c 9 
&c. and j, A u 9 &c- confidering their. fign\ficant: fi- 
gures as whole numbers ; then the logarithm of tko 
quotient = log. ^+log. 5 + log. C+&c.+ar. Co. log. 
£+ar. co. log. T+ar. Co. log. {7+&c.'4r*i— **- ior. 

> « • » 

: . : '. , • * . - * -• " - 

For^ by the nature of decimals, — - 



10 



r - , Sx Tx r/x&c. m «, 

4xixcx &c and ■< = x x r x » x &c. 

10* 

b 4 hence, 






Ax Bx Cx&c. ax^xfx &e. 

**«*' ,p -* x rr^x £ x & c ; ** **•/*« *&e,? 

therefore (4, 5, 49) the log, of the required quotient 
*slog. A + log. 5+ log. <?+&c. + ar. co. log,. S+w. 
CO. log. 7*+ar,. co. tf-t&c. +» - « - 10 r. 

r* rxri. . • r / r 84 X 0,007607c ©>6&3 . 

Ex. What ts the value of — ~ — l — 2 -? *— ? 

598x0,0000146x0,030 



,< "» r< 



Herei*=8»i«=io, «-»=a, r=3» iorcio,,^ 
fn-n~\or^ - z8j hence, 

• ^ « 

1,0444793 lag. of\ . »,.. 84 "_'.'* ,. 

1 4,$8£9203 - — i' - - - •* 769 

4,8344407 ■ ! ■ - - r - 683 

7,4434988 ar, co, log. of - - 598 

■ : lfij$Hl'*' ' '" ' ■ ' •'":' — - - x * 6 

•8,4089354 . nit ■' — - - - 39 

3,1125076 ----- 1295*7* Quotient. 

^^^^^ * * 

1 • ■ 

- ; TWii*fe* of the f6rt% of the logarithms is li, from 
ftftidf fabtrjfl: *8, and the remainder is 3. 



, By thk method, the operation is extremely plait* 
and eafy, Md jot have to take the logarithms of 

wfcole numbers oniy, 

* > 
4u Ja raife nmien ta a&y< fovter^ 

Rule. Multiply the logarithm of the root by the 
index of th£ power, aad the produft is thp logarithm 
of the power (6). 



Es. 



HAT0EE **J> ITftE 



L0OA*ITHM$, 



*i 



Ex* /PAwr ir x& 1 6/i ^»r of t,o$1 

V 

0,0211893 lag, of 1,95 
16 



«*i 



■* 



0,3390288 



*■■» 



2,182875 the [tower required. 



^ ^ 



■?^ 



42. If the number to be raifed to 9 p6wer be !efs 
than unity ? and you exprefe it's logarithm by a ne- 
gative index, the operation is performed by the Fal- 
lowing 



,0:- 



kirta. Multiply the indei of the logarithm, and 
the decimal part, feparately by the index of the power, 
and fubtra<^'the former produft (it •being negative) 
from the latter, and the remainder is the logarithm 
of the power. 



• - a. 



. • I t 



For the index being negative, and the decimal part 
pofitive, the logarithm, as it fo ftatids, cannot gene- 
rally be multiplied as one quantity J the index and 
logarithm are therefore multiplied feparately t and the 
former produft is taken from the latter. 



• <» • 1 * 



♦ V 



I ' *> 



I / 



<# •-to 



kx. 
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Ex. i. IVhaLi$jJie%>$ power ofd&^zl " 
The log. of 0,042 is 2,6232493 > henfce, 

,6232493 ._ 

v ">3 

18697479 
^ 498j9944 



• 1 



from 5,17296919 . ; 

Sub. 16,6 =8,3 x 2 . 

Rem %# i 2,572969 1 9 log. of 0,0000000090037408, the 
ower required. 



1 * 1 > 



„ * 



Ex. 2. What is the 0,07 ^ow^r of 0,00563 ? 
The log. of 0,00563 is 3^7505084. ; hence, 
. :,o.;?.7.5°5o84- .. .• ,, 



i - > 



°>97 : 



From 6,652^3"5588 

Sub. 0,21 =0,07x3 

Rem. 1,842535588 log. of 0,695882 the power re r 



*m* 



quired. 



! 

43. If you reduce the logarithm of the root to a 
negative logarithm (30), the operation may .be per- 
formed by one multiplication. Let' us take the cafe 
of the laft example. 



X 



The 



/ \ 
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The logarithm 2>^S°S°^A- — £,24949 x 6 > hence, 

-2,2494916 

o>°7 



— 0,157464412 = 1,842535588 tKelarne as before. 



» • *• 



The other method will generally, be v found .moil 
ready in pra&ice, as you have here to reduce xhe given 
logarithm to a negative logarithm, and then. at laft to 
reduce itrback: again., This method, /however* vt'M be 
found very ufeful when you have to find the value of 
a decimal number having, an index exprefled by a 
vulgar fra&ion. 



44. IF the mjmber to : ^e.?aifed to appwer be lefs 
than unity, and you exprefs it's logarithm by adding 
' 10 to the index, the operation may be performed by 
the following 

< - * • 

Rule. Let n be the index of the power; multiply 
the logarithm of the root by «, and from the product 
fubtraft io«, and the remainder is the true logarithm 
of the power. 

r • _ . , 

For the logarithm of the root being 10 greater than 

the true^ logarithm, when you multiply it by », the lo- 
garithm muft be ion greater than the true logarithm, 
and therefore you muft fubtraft ion from the product, 
in order to # get the tru6 logarithm of the powfcr. 



1 1 1 



.j 



Ex. 



v V 
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Ex. i . What is the 8,3 power of 0,042 ? 

■ 8,6332493 log. of 0,042 
8,3 

> ■ ■ - , ■ ■ 

258697479 
689859944 

MOTMMMMMMMM 

From 71,57296919 

Sub- 83, =10x8,3 



w 



Rem. 12,57296919 log. of 0,0000000004037408 



*««^M«hMMMl 



the poorer required. 

Ex. 2. What is the 0,07 power qfc 0,00563? 

: 7,7505084 log. Of 0,00563 
0,07 



jiijil fcm»«fc»— i^> 



<p * I 



From 0,542535588 

Sub. 0,7 , =.10x0,07 



pi >■ 



Rem. 1,842535588 log. of 0,695882 thepower Wi 

^H^«Mtap«M«pWp->-*«at 

quired. . 

45. It will fometimes happen, that the logarithm 
produced will not be the exadfc logarithm of thje 
number required. For inftance; the log. of 7 s is 
5 x log. 7 = 5 x 0,8450980 = 4,2254900. Now f 
= 16807, the log. of which 154,2254902, differing 
- from the above log. by 2 in the Iaft figure -, and this 
arifes from the log. of every number being only an 
approximation, on which account, the error, when 

multiplied, 
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multiplied, becomes manifeft. Had the firft loga- 
rithm been continued to one or two more places, then, 
after the multiplication, z would have ba?n carried to 
the feventh place of decimals, and the produft would 
have agreed with the logarithm found irt the Table. 

* * * * * 

46. To extract the root of any number* 

RtfLE. Divide the logarithm of the given number* 
by the number denoting the root to be extracted* and 
the quotient is the logarithm of the rpot (7)* 

Ex. What is the $th root of >]%$ 

5)2*8943161 log. of - - - 7S4 

. ■* » 

0*5788632 ' . ■ ", -„- *• 3,792044 the root** 



47. If the given number be lefs than unity, and 
you exjptefs it's logarithm by a negative index, the 
operation is performed by the following. 

F - ' «• 

Rule. Reduce the logarithm of the number to a 
negative logarithm (30), and then divide it by the 
number denoting the root to be extracted, and you 
have the logarithm of the root expreffed by a negative 
Jpgwt^flftf. induce, this back again to a logarithm with 
a negative index and poifitive decimal part (ao), and 
yc^iiaye the true, logarithm of the root. . . « 



u 



» ? 



f. 



• u ■ . i- ■ 

* ' f 

? bru: j .1'.: • ' '.:\ahi 



:I£^jOi '.?' 



1 * 1 



»->i. * 



' -,jj. 



Ex. 



< ♦ • 



'1 



*0 NATURE AKfc USE Ot L0£ARITHK*S. 

Ex. i. /f#a/ & the 0,72 rew/ ^ 0,096 ? 

The logarithm' of 0,096 is 2,9822712 =" — ' 

QO j -1,0177288^ 
1,0177288, and, : — ;/ . - = — 1,4135122 = 

2,5864878 the log. of 0,038591 16 the root required. 

X 

• » * » 

Ex. 2. ^4 at is the, 504 f<w/ of 0,2 ? 

1 • . ». » 

* The l6g- of 0,2 is 1,30*0390=: — 0,6989700, and 

— 0,6989700 — > 

^— = —0,0013868 = 1,9986132 the loga- 

rithm of 0,9968119 the root required * ..... 

Ex. 3. #^tf/ /j the 0,1 rot?/ ofo^L? " 

The log. of o,t is* 1,0000000; and as here is no 

decimal part, we have = - 10 = 10,0000000 

.0,1 

the logarithm of o,pooopooooi the root required,. 



This Rule for the extraction of roots of numbers lefs 
than unity, admits of no variety of cafes in praftice. 

• t. 

48. .To find the value of a quantity exprejfed by x a 
number whofe index is a vulgar fraftiou. .... 

Rule. Multiply the logarithm of the miqiber by 
the numerator of the fradhon denoting the iridfeXj and 
divide the produft by the denominator, and the qtio- 
tient is the logarithm of the quantity required. But if 
the given number be a decimal, reduce it's logarithm 
to a negative logarithm (30); multiply it by the nu- 
merator of the fra&ion expreffing the index, and divide 

the 
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the produd by the denominator, and reduce the negative 
logarithm back to the logarithm ^vith a negative- irtde^ 
orily, and you get the logarithm of the quantity required. 

- ' ' ■ s. 

f Ex. What is the value of 0,00 6\ ? ! 

The log. of 0,096 is 25982271**= - 1,0177288; 

hence, 

» -1,0177288, 

S 

9) -5,088644O 

* 

-o,5654049=7,434595 lthe logarithm of 

_ 

0,2720164 the quantity fought. 

As the numerator of the index denotes the power 
to which the number is to be railed, and the denomi- 
nator denotes the root of that power to be extracted, 
the reafon of the operation is manifeft from Art. 6. 
and 7; for by firft multiplying the lQggycithm of. the 
number by the numerator of the index, you have the 
logarithm of the power, and then dividing by the 
denominator, you have the logarithm of the root, of 
that power. ' ■ 

___ v '* * * 

49. To find a fourth proportional to three given twtnbprs. 

The fourth term of a proportion is found by mul- 
tiplying the fecrond and third terms together,"* -and 
dividing the produft by the firft ; ~the operation there- 
fore is performed by Ap. 40. Hence, we have . the 

following " * 

Rule. 
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Rule. Let 0, 3, c, be the firft, fecond and third 
terms; put *r~ the number of decimal figures in *± 
n » the number in £ ajad * together * and lee A, #, G* 
be the relpe&ive values of a, b> Ci cbnfidering the 
fignificant figures of each term as whole numbers; 
then the logarithm of the fourth term =*ar. co; log* A 
+Iog 5+log. C-f-^^«-idi 

Ex. 1. What is ike fourth proporti$n4lh 24, 35, and 

4 

Here, w=b, « = 9$ hence, we have to fiibtr^ft 10 
from the index* 

8*6197888 at. co. log, of * - - - 24 
1,5440680 log. ot .---•.' • 35 
1,8976271 - - - - - 79 

2,0614839 - - - >i £32083 -the 

fourth proportional. 

Ex. 2. Wirt is the fourth proportional to 0,073, °>$~* 
Mi 0,009? { y * ' 

Here, f» = 3, 0=5, #-«-jo;=-m; hence* w4 
have to fubtradt 1 2 from the index^ 

8,1366771 an co. log; of - - - - .^3 
^6232493 log! of ...... -42 

9>954 a 4 2 5 , ,; " ■ ' * — -:•■•>•- .9 



M*HM*N*fcw* 



I,/ 1 41 689 — -T- n- - - - P^>SI7?0«.tbft 



^M*H«*w«a«Wpktfl* 



fourth proportional. 
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tTere, the index of the fum being 10, by fubtra&ing 

i2 from it, the remainder -is — 2. ' • 

. 50: In trigbhometrical Operations, wheii radius is 
the firft 1 term, it*s logarithm in the Tables is 
10,0000000, and theiefore it's arithmetic complement 
is 6,0000060 ; hence; we have only to add the loga- 
rithms of the fecdnd and third terms together, and 
fubtraft 10 from the index. If radius be one of the 
meisth terms, we then add jo to the logarithm of the 
other mean term, and fiibtraft the logarithm of thd 
firft term from it* Iir the Tables of natural fines* 
cofines, &c. we generally fuppofe radius =i, and 
therefore it's logarithm =0; but in thefe Tables the} 
logarithm of radius is ib,oood<5oo; if therefore vf6 
make any natural number, the fine, cofine, &C of 
ian arc> to radius unity, and we want to exprefs it's 
logarithm fo as to agree With the logarithrii of the 
fines, cofines, &C; in the Table of thofe quantities* 
W9 mull add 10 to the index of the logarithm, as 
taken from the Table of the logarithms of the natural 
numbers. And, vice verfd, if we want to reduce the 
logarithm of a Erie, cofihe, &c. as found in the Table 
of thofe quantities, to the logarithm of the natural 
nunibers, in ordfer tb determine the value of fuch a 
fine, cofine, &c. we nlufl fubtraft 16 from the inde^. 

» 
. f ; 5 1 ; To find any number of geometrical means . betiy,ew 
tm given numbers . . .-, . ... 

RtriE. Take the difi&retfce-T^etWeert the logarithms 
of the two numbers, and divide' it '6y the huniber of 
means increafed by unity, and add the quotient con- 

C tinually 



* » o 
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tinually to the leaft logarithm, and you get the loga- 
garithms of the means. 



^ 2. 

Ex. Find /our geometrical means between 10 - and 

9 ■ 

The logarithm of i o r- = log. of — = log. 32- 

3 3 

log- 3= i i>5 5 I 5 00 "" >477 I2I 3= I > 028o28 7i and 
log. of i\1 = log. of i^ = log. 133 - log. 9 = 

2,1238516 - 0,9542425 = 1,1696091. The diffe- 
rence of thefe logarithms is 0,1415804, which divided 
by 5, the quotient is 0,0283161 -> hence, 

1,0280287 
0,0283161 

1,0563448 log. of 11,38531 - ift mean. 

1,0846609 ■ 12,15236- 2d 

1,1129770 ' i2,97in-3d 

1,1412931 ■ 13,84500- 4th 

* * * * 

The reafon of this operation is, that when the 
numbers are in geometrical progreffion, their loga- 
rithms are in arithmetical progreffion (3); and the 
number of intervals of the terms is always greater by 
unity than the number of means, and therefore yoii 
rnuft. divide the difference of the logarithms by a 
number greater by unity than the number of means. 



1 ; 



u 1 ,•■'■> - 



52. Give* 
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1 

1 

52. Given the hypothenufe (h) of a right angled plane 1 
triangle, and one leg (l) 9 to find the other* leg (Q, 



heoce (4* 7), log; L = J (log. /Tfl+log. h - 1). 
Ex. Xrf // = 48796, /^= 2 1435 ; then 

T 

16+7=70230 - - log. 4,8465227 
^-7=27361 .* ' * log. 4,4371320 

1 ' . 1— — mm 

2)9,2836547 



»w-«n«»i^wm« 



£=43 8 35> 6 4 - * iog- 4»64i8*73 

"HUM ' f WF*?** 

■ » 

The application of logarithm* to trigonpmetrical 
fcomputations, will l?e fQUftd ia the following pvt pf 
tfii£ wprk* 



•^ 



HYPERBOUC LOGARITHMS. , 



53. If from the center of an equilateral 
We take upon one of it's afymptotes, an abfeiffa which 
fhall be equal to the correfponding ordinate, and re- 
prefent each by unity; then if 1 +# = any other abfeiffa, 

the correfponding ordinate = — — 5 arid (Prin. of Flux. 

Art. 49- Ex, 3.) the area comprehended between the, 

c a ordi- 
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ordinates 1 and — — , is the logarithm of 1 +x to the 

modulus unity. Hence, thele logarithms are called, 
Hyperbolic logarithms ; and a Table thus conftru&ed 
is very ufeful for finding fluent* ; for the modulus be- 
. ing unity, the fluent found by thefe logarithms re- 
quires no multiplication. The general equation ex- 
prefling the relation between a logarithm (x) and it's 
natural number (b) % is a x = b (9); and in this fyftem, 
a=z 2,7182818; hence, the equation is 2,7182818* 
=b. If b = 2, # = 0,69314708 the hyperbolic loga- 
rithm of 2. Now the common logarithm of 2 is 
0,3010300; and the ratio of 0,69314708 : 0,3010300 
is 1 : 0,43424948 ; therefore 0,43424948 is the mo- 
dulus of the common fyftem; becaufe the logarithms 
of any number are to each other as the moduli of the 
fyftems (Fluxions, Art. 103.) Hence, if we divide 
the common logarithm by 0,43424948, or multiply 
it by the reciprocal thereof 2,302585, we get the 
hyperbolic logarithm. 

A Table of hyperbolic logarithms would not* be fo 
convenient for pra&ice, as that now in ufe; for in 
the latter fyftem, the index of the logarithm is more 
readily known, it being always lefs by unity than the 
number of integral figures of the given number, 
on which account, the computations by this fyftem 
are made more readily, and with greater certainty.. 



LOGISTIC 
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54. Befides the common logarithms here treated of, 
there are others called Logiftic logarithms, which are, 
the common logarithms fubtra&ed from 3,5563, the 
logarithm of 3600, the number of feconds in 60'. 
By this means, the logarithm of 3600" ( = 60') be- 
comes nothing; and the logarithm of 360 is 1,0000. 
For numbers greater than 3600, the logarithms would 
be negative, but inftead of putting them down fo, 
their arithmetic complements are put down. Thefe 
logarithms are frequently ufeful in aftronomical com- 
putations, as it very often happens in a proportion, 
that the firft, or one of the mean terms, is 60'. 

/ 

Rule. If the firft term lrc6o', or 36oo // , add the 
logarithms of the fecond and third terms N together, 
and the fum is the logarithm of the fourth term; re- 
membering that if the (urn of the two laft figures in 
the addition, the index excepted, be equal to or greater 
than 1 o, you ?ire not to carry t to tjbe index. If one 
of the mean terms be 6o', fubtraft the logarithm of 
the firft term from the logarithm of the other mean, 
adding 1 to the index of the logarithm of that mean, 
if neceffary, and the remainder is the logarithm of the 

• 

fourth term- 



Ex. 
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Ex. i. JVhatis the fourth proportional to 6o', 65'. 25" 
and 31', A^ 

37. 41 - ' • - - log. 2020 



AnfWer 41. 5 



log. 1645 



Ex. 2. What is the. fourth proportional to 60', i'. 36'*, 
^ ?7': 38"? 

i'. 36" - - - .4 log. 1,5740 

27. 38 - - - - log. 3367 



Anfwcr o. 44 



***m 



log. 1,9107 



Ex. 3. What is the fourth prapoftidnal to 16'. 47", 6o\ 
and 17', 28"? 



?7'. 28^ 

AnfrtreF 62. 29 



lo gr '5359 
lo & 5533 

' I I' ■ 

log. 9826 



Here, it was neceffkry to add $ to the index of the 
logarithm of the third term, or which is the fame, to 
add 10 to thelaft figure 5 of the upper line, 



fe 
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Ex. 4. What is the fourth proportional to 27' '. 19", 6o', 
anJ 5 '. 9"? 

5'. 9" - ... . fog. 1,0663 
27. 19 .... log. 3417 

Anfwer n. 19 - * - - log. 7246 



If the firft term be 24 hours, arid the fecond term 
be hours and minutes, and the third term be given 
in time, or be an arc, we may find a fourth propor- 
tional, by conceiving the head of the Table to repre- 
fent hours. 



* 



JEx. What is the fourth proportional to 24^., 13& 53', 
(ind 76'. 34"? 

24^. - - - - - ar. co. log. 602 % 

*3- 52,' - - - - - - . log- 6357. 

76. 34" --- - log. 8941 

1 ' , 

Anfwer 44. 17 ----- log 1319 

We here rejeft 2 in the index, becaufe the firft and 
third terms are arithmetic complements, and 1 is to 
be rejected for each. 

In like manner, whatever may be the three terms, 
whether hours and minutes, minutes and feconds of 
time; degrees and minutes, minutes and feconds 
of an arc ; or two of one, and one of the other, a 
fourth proportional may be found, provided the quan- 
tities fell withm the limk of the Table, 

c 4 PROFOR- 



^ 
1 
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PROPORTIONAL LOGARITHMS. 

55. In the Requifite Tables, there is a Table of 
proportional logarithms, which are analogous to the 
logiftic logarithms, the common logarithms being here 
fubtraded from 4,0334, the logarithm of 10800, the 
nurpber of feconds in 180', which is 3 hours, or 3% 
the logarithm of which is therefore nothing. Thefe 
logarithms are peculiarly adapted to the purpofe of 
finding the apparent time at Greenwich, by comparing 
the true diftance of the moon and fun, or moon and 
ftajr, found from die obferved diftance, with the true 
diftance, put dqwn in the Nautical Almanac for every 
3 hours, under the meridian of Greenwich. 

Ex.' 1. On July 7, 1775* the true defiance of the Sun % 
from the Moon wai found to be 109°. 34', 26-'; to find the. 
time at Greenwich* . ' 

By the Nautical Almanac, the true diftance is found 
to be 108 - 5'. 58" at 3 o'clock, and 109 . 37'. 16" 
at 6 o'clqckj ttyj moon has therefore receded fropi 
the fun i°. 31'. 18" in 3 "hours; now, the, difference 
between 108 . 5'. 58" and 109 . 34'. 26" is 1V28'. 28"; 
to find therefore how long the moon will be in reced- 
ing i°. 28'. 28", we have (upon fuppofifion that the 
moon recedes uniformly from the fun, which is very 
nearly true) i .. 31'. 18" ; i°. 2$'. 28" ::^ 3//. : 
%h. 54". 25", which operation is thus performed by 
Proportional Logarithms* and t^ie whole work jpay jpte 

arranged as follows. f 

& TruQ 
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True dift. of D from © 109 . 34'. 26" 
*-» — -! — at$\(N.Jlm.) 108. 5.58 
•- — ■ at6\ ■ 109. 37. 16 



■*"•»• 



Diff. bet. ift and 2d r 1. 28. 28 pr. log. 0,3085 
e= 2d and 3d - 1/31. 18 0,2948 

■ . '2. 54. 25 ■ . * w 0,0137 

3. O. O • ' 



Time at Greenwich • 5. 54. 25 

• 
The third term being here 3 hours, it's logarithm 
is o ; we have therefore only to fubtraft the log. of 
the firft term from that of the fecond, and the diffe-* 
rence 0,0137 is the log, of zk. 54'. 25", the time in 
which the moon recedes i°. 28'. 28" from the *fun; 
and as this is the fpace through which the moon has 
receded from the fun after 3 o'clock, if you add 
zh. 54'. 25" to 3A. you get $k. 54'. 25", the time at 
, which the mopn is at the ciiftance 109 . 34', 26" from 
the fun. 

Ex. 2. Whqf is the fourth proportional to 2 V 7'. 48", 
j*. 19'. 27", and 3 ? 

i\ 19'. 27" pr. log. - - 0,3552 

2. 7. 48 ■ - - 0,1487 

— ■« ■ i" i i 

Fourth prqp. 1. 51. $3 ■ -- - 0,2065 

If in any cafe, 3/J., or 3% fliould be the firft term of 

the proportion, the logarithm of the fourth term is 

found by adding together the logarithms of the fecond 

and third terms. 

Ex, 



4* 
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Ex. 3. What ii the fourth [proportional to 3* \ 3%.44'< 7% 
and x\ ig. 3"? 

• . 1 

2*. 44'. 7" pr, log, • ■> 0,040 x 

i, 15. 3 — - - 0,3800 
Fourth prop. j. 8, 25 •— — - - 0,4201 
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TRIGONOMETRY. 



DEFINITIONS, \ &c. 



Art. 56, rpRIGONOMETRY is a part/of Geo- 
■*■ metry which relates to triangles; and 
treats of the analogy between the fide^s and angles, 
jarcs and angles being eftimated by certain right lines 
which have relation to them; by which, having given 
three parts of a triangle, the other three may, be 
found, in all cafes where the data are fufficient. 

57. The circumference of every circle is fuppofed 
to be divided into 360 equal parts, called Degrees ; 
every degree into 60 equal parts called Minutes ; every 
minute into 60 equal parts called Seconds-, &c. 

58. The charadters denoting degrees, minutes and 
feconds, are % ', "; thus, 35°. 17'. $x" denote 
35 degrees, 17 minutes, 52 feconds. 

£9. The angle of a fedtor of a circle is in pro- 
portion to the arc of that fedtor (Eire. B. vi- p» 33.); 
(he arcs therefor of a circle being the meafuits of 

the 



44 ' PLANE TRIGONOMETRY. 

'the angles at the center, the angles are meafyred by 
degrees, minutes, and fcconds of their correlponding 
arcs. 
fig. 60. Let C be the center of the circle ABDE, ACD 
*t a diameter, and BCE perpendicular to it ; affume 
any arc AM; draw MH, AT perpendicular to ACD> 
and let AT meet CM produced in T; draw alfo BN> 
M2 perpendicular "to BC. Now as all fhe angles 
about C make 4 right angles (Euc. B. 1. p. 15. c. z.) y 
AB is a fourth part of the circumference, or an arc of 
' 90% and ABD is half the circumference, or an arc of 
iSo* (Eye. B. vi. p. 33^. 

(Si. The Complement of an arc, or of an angle, is, 
what it wants of 90% the fame term Is alfo fometimes 
ufed for the excels of an arc above, 90*$ and the Sup* 
plement of an arc, or of an angle, is what it wants of 
i8q9. Hence, the arc MB is the complement of the 
&c MA y and the angle MCB is the complement of 
the angle MCA\ alfo, the arc MD is the fupplement 
of the arc MA, and the angle IMCD is (he fupplemer« 
of the angle hfCA. 

63. The Sine qf an arc, is a line drawn frpm one, 
extremity of the arc perpendicular tQ a diameter drawn 
through the other extremity. Hepce* MB is the 
fine of MA y and of MD. 

63. Cor. Hence, the fine of an $rc is the fame ap 
" the fin? of it's fupplement/ . 

64. The Cojine of an arc, is that part of the diameter 
w^ich is intercepted between the fine and the centef . 
Hence, CH is the cofine of AM* ' 

6$ v Hence, if the hypothenufe of a right angled 
triangle be made radius, the perpendicular will be the' 
fine, and the bafe the cofine of the jingle at the bafe, 
. . * 66. Cor. 



• 
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,66, Cor. As the angle 2 CA = Af ///*, ' each beidg 
a right angle, 2C is parallel to M# (Euc. B, i, . 
p. 28;; for the feme reafon, M2 is parallel toflCi 
therefore HM2C is a parallelogram* and M2—CH^ 9 
MH=C2 (Euc. B. 1. p. 34). But MQ is the fine 
of MB (62)* and-Ci/ is the cofine oi$AA (64); alfo, 
Af# is the fine of AM (62), and C2 is the cofine of 
'MB (64). Hence, the fine and cofine of an arc are 
refpedtively equal to the cofine and fine of it's com- 
plement. 

67. The Verjed-Jine of an arc, is that part of the dia- 
meter which is intercepted between the fine and the 
arc. Hence, AH is the verfed-fine of AM. 

68. The Tangent of an arc, is a line drawn from 
one extremity of the arc, perpendicular to the radius *, . 
and terminated by producing the radius drawn to the 
other extremity. Hence, AT is the tangent of AM. 

69. Cor. If the bafe of a right angled triangle be 
made radius, the perpendicular will be the tangent of 
the angle at the bafe. 

70. The Secant of an arc, is the radius, produced 
to meet the tangent. Hence, CT is the fecant of 
AM. 

71. Cor. If the bafe of a right angled triangle be 
made radius, the hypothenufe will be the fecant of the 
angle at the. bafe. 

72. The Cotangent of an arc, is the tangent of the 
^complement of that arc. Hence, BN is the cotangent 
6iAM. 

73. The Cojecant of an arc, is the iecant of the 

com- 

• That a tangent is perpendicular to the radius, fee Euc. B. in. 
p. 16, Cor. - . y 
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complement of that arc. Hence, CN is the cofccant 

74. As an angle is meafured by the arc which fub- 
'tenfls it (59), the terms fine> cqfine, &c. of an arc are 
applied to the pofre(ponding angle. 

Thefe lines which are related to the arcs of circles* 
or their correfponding angles, are all that are neceffary 
for the various computations in Trigonorfietiry. t 

Prop. f. 

The fame angle is meafured by the feme number of de- 
greeSy whatever be the radius of the circle. 

t 

no. 75. For if O be the center of the circles ABCi 
2* abc 9 and OaA> ObB y be any two radii, then (Euc. 
B. vi. p. 33.) 

AB : circum. 'ABC A :: ang. A OB i 4 right ang; 
a b } circum. abca >:: ang. aOb : 4 right ang. 

Hence, AB r circum, ABCA :: db : circum. abca ; 
therefore AJi being the fame part of ABCA that a b 
is of a be a, if each circumference be divided into aq 
equal number of degrees, AB, ab % muft alfo contain 
the fame number. 

' ' Cor. The angle .AOB~ ^^^; and 

& circum. ABCA 

as 4 right angles is a conftanj: qyafttity, and the sir* 

cumferences of circles vary as their radii, the angle 

AB 
AOB varies as «— *$ that is, Angles are to each other as , 



their arcs direftly and the radii inverfely. 



/ 



Pro*, 
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Prop. II. 

Given the fine MH of an arc AM, to find the cqfae, *■* 
verfed-fine, lingtnt, fecant, cotangent , and cofecant* x * 

76* By Eire, Bv t. p, 47. CM % = CH % +MH*% 
hence, CH= S /CM 7 --HM % the cafine. . 

77. The ver fed-fine AH= AC - CH= rad* — cofine; 
If H lie on the other fidd of C, then AH^AC+CH 
s= radius + cofine, confidering here the cofine to be a 
pofitive quantity $ but if we confider CH in the for- 
mer cafe to be pofitive, it will be negative in the 
latter cafe (fee the Algebra, Art. 473.) ; confidering it 
therefore as a negative quantity in the latter inftancc, 
we have AH=AC- CJJ as in the former cafe, for — 
before a negative quantity makes it additive.' 

78. By fimilar triangles, CHM, CAT, CH z HM 






CA : JT= 



CAxHM rad.xfia 



— ■■ «■ 



ihz tangent* 



CH ~ coC 

79. Cor. When HM=CH, the angles HCM 9 
HMC are equal, and therefore HCM= 45°, • and the 
tangent ATr^CA the radius. 

80. By the fame, triangles, CH : CM, or CA 9 :: 

C A* rad * 

CA : GT^~ = ^ the fecant. Or, MM 1 CM 

CMxAT rad. x tan. 

- the fecaxt* 



• m 



AT : CT= 



MH fin. 

Alfo, ttefe<ant = yCA*-vAT*~ v'rad.'ftw.' 

81 • As the triangles Ci£A/, C2?iV, have the angte 

at if and 5 right ones, and the angle = HMC — alt. 

angle BCN, tliefe triangles are fimilar, and HM z CH 

rad. x cof. , ^^^^ . 
the cvta&gau* 



vm rnvr CB X CH 

::C£ : BN& ~ 



HM 



fin. 



■**»«*■■ 



8a. Hence 
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82. Hence (78, 81), the cotangent = rad. 1 divk|ed 
by the tangent; confeqUently, tangent : rad. :: jad'S : 
cotangent. ' 

83- By the fame triarfgles, HM\ : CM, or CB 9 :i 

CB : CN= ^£ = 2^ the cofeccfltt . ^$?> Qfi :"■ GM 

HM fin. -\ 

t,»t ^»t CMkBN* rad. x cot. ' , ; 
;: Bft : GN = — - ^ == ^ the cofecant. 

V 

S4. CoRi i. In this prdpctfition we have proved 
the following proportions : 

Sine : radius :: radius t cofecaitt. 
Cofine : radius :: radius : feCant/ 

1 

Tangent : radius ;: radius : cotangent. 



* ♦ 



Hence, as in the Tables* log. radius =10,0000000* 
we have, log. fine + log. cofecant = 2 log. radius = 
20,0000000, or, log. fine +■ log. cofecant — 10, = 
10,0000000; therefore (29) the arithmetic comple-. 
ment of log. fine is log. cofecant —10,. For the fame 
reafon, the arithmetic complement of log. cofine =± 
log. fecant- 10,. Alfo, the arithmetic complement of 
log* tan. = log. cotan. - 10,. But if the tangent be 
greater than radius, and it be required to take it's 
arithmetic complement in order to convert a fubtrac* 
tive quantity into one that is additive, then you muft 
take the log. cotangent, and after the addition, rejed: 
20 from the index, inftead of 10 in .the other cafes. 
Thus you may immediately take the arithmetic com- 
plements of the quantities required. In Taylor's 
Logarithms there are no fecarus and cofecarits, and 
therefore in thofe Tables, the arithmetic complements of 
the fines and cofines mult be taken as dire&ed in Art. 29. 

85. Cor. 



/ 
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85. Cor» 2* Let u& fuppofe the arctp begin at A* 
and in the quadrant AB, affume the fine, cofine, 
tangtent> fecant,' cotangent, and cofecancto be pofitive. 
Now if a line be pofitive when fet off in one diredtion* 
if it vanifh> and then be fet off in an oppofite direcr 
. tibn, it becomes negative (fee the Algebra^ Art. 473). 
Hence, for the £rc Am* or An/ 9 the cofihe Ch: is 
negative 3 but' for the arc AM 9 iht cofine CH 55 
pofitive* For the arc ATH)> the fine is fet off-iA the 
fame direction,' arid is therefore .pofitive ; but at iD it 
paffes through o, and for the arc DEA it is fet off in 
an. oppofite diredtion, and is thfetefore negative* The 7 
tangent. = radius x fine -f- cofine X78); now radius 
is pofitive; and frooi A to B, the* fine, cofine and 
tangent are pofitive by fuppofitioa. At B, the <:o- 
fine =0; but there is no tangent nor fecant at that 
point, as CB produced never meeis AT> they being 
parallel; An arc of 90 therefore has not (according 
to the definition of the terms) either a t^pgent or fe- 
cant*. From B to D, the fine- is pofitivp, and the 

' .-:. ..cofine 

• difficulties have frequently. arifen,., in. cpnfequcnce ef : it's 
being fuppofed, that an arc of 90 has a tangent and fecant* each 
infinite. , For, inftance, in a right angled fpherical triangle, 
radiu3 : cofine of the irtgle at the bafe :: tangent of die HypotM- 
ntife :< tangent of tlje bn.fi; riow when the |?afe!= 90°, the bypd- 
tbenufe. ~ 90°; and therefore 'theft -arcs being : *quaJ, if they have 
any tangents, of whatever vajue thejr, may be., they muft be' equal, 
and therefore radius — ^ofine of the angle at the bafe, whatever that 
angle may be; This' iatfecohcliifioh arffes froni the fuppofitioii, 
.that an atd of 90° haa a tangent^ As the «: ihCreafe3-llllitJbfr* 
comes 90 , the tangent and fecant increafe without limit, and at 90* 
the arc ceafes to have either a tangent or fecant. As the arc by 
increalfog paffes through 90*, the rtangtct iad fecant ycr ea&^tfth- 
©tit limit,, ceafe to-exift at 90%: and the* begkv*g»ia at atquanuip 

J) "/ .1-. */ 'v • "•* j ' **■ 'ift- 
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Cofine is negative j therefore the talngent is negative. 
Prom D to E 9 ,the fine and cofine are negative j there- 
fore the tangent is pofitive. Firom E to A, the fine is 
negative, and the cofine is pofixive; therefore the, tan- 
gent is negative. The fecant==rad. x -rcofine; there- 
fore the fecant has the fame fign as the cofine. The 
cotangent « rad.*-r tangent ; therefore the cotangerit 
.has. the fame, figa as the tangent. The cofecant =* 
Tad.N-fine ; therefore the Cofecant has' the fame figft as 
the fine. The verfed*fine continues pofitive' through 
the whole circle, it being always fee off frotn A ia 
the lame dire&ion. Hence, , . : 





From o° 


From 90 


From 180 


From 270* 


• 


togo*^ 


to rite* , 


tb 270° 


to 360* 




Sine is + 






_ » 


» 


■' Cofine is •+ 

* 


\ 


^ mm 


+ 


' 


Tangent- —is '+' : 


< 1 


» 


* 


« 


Secant ' is 4-* 


• • j - 


— • 


+ 




"Cotangent' is +•- % 


1 — ' * 


+ * 


*■> 




: \ Cofecant is -^ l] 


' '+' " 


' 1 

-•mm. t 


* « 


* 


Verfed-fine is + 


+ 


+ 


+ 



86. "If we confitier the arc AM a$ pofitive/ the arc 
AAft.kt off from A in #a contrary direction', wiil be 
-Degative; and it ^ will , bfe j^fqful ,to confider, hpw the 
•figns of the fine, cofine, verfec^t£he, , tangent-, cotan- 
'gehtyfeeanf, *nd cbfecan^wfltb^^affefted h* the latter 
'c^fej^ompareid 'with the %gns'^ 
x ux the fb$r#e&. [ Tfrfr' ^c§.4^i^^,are equal, and 
have the fame <#fme GH> -m& fwzo xtt &&&&$. AH -, 

*c, ~i> b,t . ,.i • *' » • f : '// '*Vrr • .:'/.' . • . :. ** " .1 • v v , but 

1 

- Indflfittisdt^'igitHK*' -^ A«ul itfao^itu - ocherr^fei i^viiere 9'the, nm^ent or 

^Afcitet e£ ail ^^^^ti^i^6€Kr^a^ma r ^lmiMic arc becocats 
90 we can draw no conclufion fit which we can depend. 



PLANE TRIGONOMETRY* $t 

but the fine HM being fet off in a direction contrary 
to that of , the fine JZAf, the fine of the negative arc 
AM' becomes negative* or. Contrary to the iign of the 
fine of a pofitive arc AM of the fame value. Now as - 
tan.'=rad. x fin.~-cof. (78), cotan^rfcd, x cof.4-fio. , 
(81), cofec. = rad,*-*- fin. (83), thefe quantities will 
have a different fign for a negative-arc 5 but as fee. ■= 
rad.*-*.£Qf. (80), the fecan^ will have the feme fign for 
a negative as for a pofitive arc. If therefore we have 
the fine, tangent* cotangent, or cofecant of A - 2?, v 
When A is lefs thap B, the figns of it's fine* tangent, 
cotangent, and cofecant * will be contrary to thofe which 
arc given in the preceding Table. 

87. In trigonometrical -computations* when the 
quantity required comes oait in terms of the fine,.fince 
any angle or arc, and it's fupplement, have the fettle 
fine (63), the cafe is ambiguous*, unlefe the ambiguity 
be taken away by fome other confiderafion; but. if the 
Quantity fought be cxpteffkd by a cpfine, Or tangent, 
jhere will be no ambiguity, as a pofitive xofifcb or 
tangent denotes an arc ot angle lefs than 9a , and a 
Negative cofine or tangent denotes : an arc or angle be- 
tween 90* and 180 ; and in Trigonometry, every ingle 
or arc muft be lefs than 180*. 

88. In all trigonometrical calculations, it is >A£eef- 
fary to attend to the figns of the quantities. And to 
facilitate (uch computations, Tables are conftructed to 
a radius » t y or ^i&ooov fliowing theJengthsof the 
fines, cofines, tangents, &c. to every degree and mi- 
nute of the quadrant. Thefe Tables contain alfo the 
logarithms of the fame quantities, making 10,0000000, 
the logarithm of radius, which anfwers to looobooooob * 
in J tiie common Tables of logarithms. 

ft % 89. As 



\ 



v 
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89. Afr the arc increafes-from 9Q? to 180% the fine* 
tangent, and fefcant decreafe ; for by incteafing Am* 
you • decreafe mh, Dt, Ct. Of two arcs therefore 
between 90° and 180°, the greater arc has the iefs fine, 

" tangent, and fecant. 

^ROP. III. 

The fine of an angle is equal to half the chord of twice 

that angle. 

- * . * - < 

90. For produce MH to meet the circumference 
at Afi and join CAT ; then MH^HM f (Eye. B. in. 
p. 3.), CM=CM', and CH is common to the tri- 
angles CMH* CMHi hence,- the angle MCH= MQH 
(Euc- B. 1. p. 8.), or the angle MCM' is twice ^ 
MGH> and Afft the fine of the latter, is equal to half 
MM* the chord of the former angle. 

91. Cor* , Let the angle MCH~ 30 , then the an- 
gle MCM ==6o% anc * a&GMtpCAf, the angle CMM 

zxGM'M, and therefore . each. d£ thefe. angles =6o # s 

confcquently-iCAfAf' is a a equilateral triangle, and 

-MM'~'MC- 9 that is, the chord xrf 60° = radius; hence, 

the fine of 30* ss § radius ; therefore the cofine of 6b° 

= 1 radius (66) ; confequently 'the verfefl-fine of 6o* 

(j^mdiiis- cofine) =f radius. ; 



, » Prop. IV. _ 

■> < • - - • ■ - * * - 

. Radius : the fine of an angle ::- twice the fine of that 
-angle : tie verfedfine of twice the- fame angle. ; 

• * • - 

fig. c- 9 Z ? \* zt : C be the cepter of thf .-circle. AltfJ!,;JCM A 

3. 4nr-_-ang|ej s iiMa..ikC|f f aijddm C£)E perpendiciiW 

to it i then JD=DM.ffiB&$,ji&>.B«$')* wid* 

*•' v i angle 
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angle ACD=MCD (Ecc. B. i. p. 8.) r draw alfo 
MH perpendicular to ACB. Now the triangles CDA 9 
MHA are fimilar, for they are right angled at D and 
H, and the ancle at A is common ;* hence, CA : -tf/> 
:: AM, orb AD, : ^//T, where -^Z> is the line of AQD, 
and AH is the verfed-fine of ACM, or zACD. 

\AD % 
93. Cor. Put r = radius; then as AH= - ■ , 

CH^CA^AH=CA X -^^-\ that is, cof, 4CA?= 



• vr ** e 



< !» 



• '• * 

» r ,jr '»» -»#• -pi 

i . » « • • ■» 

Jr_ROP# W ., . . , ., 

i+ * K r * * ' 7 . r ~ oof. A ' *^ 

If A reprefent an angle, then — -* — J r = 

tan. I A* 

94. Join A/^.and draw CL perpendicular to it; 
then BL = LM (Eve, B. m. p. j.)> a Pd as 1?Z,C 
is a righf angle, it is equal to BMA (Euc. B. in. 
p. 31.), therefore CXis parallel to DM (Euc. B. i. 
j^ 2.8.) ;*for the fame reafon, CD is parallel to LM; 
therefore CD ML is a parallelogram, *nd CD — LM^ 
BL. Now the triangles BLC, BMH are fimilar, fqr 
they are right angled at L and H, and the angle at B ' 
is common; hence, BC : BL :: jSM, or 2#Zr, ; BH 

~ *?£t or BC+CH=2^i that is, r+cof. ^CM 

' P.3 ^ 
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,_ ? * c ? f - * ^ 6Ai } hence, from this aid *e laft 



» \ 



. r-cof. ACM hn.iACM 1 
Article, we get . r ■ ■ < r r \ M as a . , , ■„ ■ ■ - • ■; 
' ° . .r+cof. ACM cK\ACM 



■.* = ■— ; }.» 



tan. j ACM . R v 

r , W Q 7- 

1 

Pitop. TL 



t 'l' »• • • « v . * . " ' 



• " - - kJ 



The vcr Jed-fine of an angle multiplied into half the 
radios, . is equal to the /quart of fh^ cdfim bf hdfthejufr 
flement of that angle. 



.i >. 



95. For GD = lBM t therefore C£*=i £M*= 
(Eire. B. vi. p, 8.) \BA xBH=iACxBH', in 
which equation, BHf is the verfed-fine of BM, and 
CD is the cofine of AE, or \ AM, or half the fuprjle-> 
merit of B$* ' ! 



Prop. VII. 

» 

Radius > the eofiw of M angk :r twice ih$ Jitte op 
that atigle * the fine of tmce the fame angle . 

96. For from the.fimilar triangles CAD> MAH % 
CA c Cti :: ^Af, 6t tAD y : MB, where CD is the 
cofine, and AH the fine of ./££, and MET is the fine 
pfAAfy or 2^E. 

97. Cor. Hence, if ^ be any angle, fin, Axcof. 
A—\ rad. x fin. %A^ 



Prop* 



) 
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» m t 



Prop. VIII, 



• • 



The tangent '+ citangent of anafc— i cofecant'of mice 
that arc', l 

* • ^ ■ 

• ' : - \ ... . > 

98. £et /-tangent of. an ajc A\ then (82) it's 



r % ?+r* TecJ 



cotangent = — ; and t+ — '*= —- — =» -~- (80} * 

7 — - — r = ( as fin. x cof. «Jrx fin.. zA (97) J 
fin, x cot. \ J 

—a = f as ,. r A « cofcc. a-rf (83) J 2 cofcc. 
uf \ fin. 2A J 



fin. 



Prop. IX. 



1 f 

Given the fines and cofines of two angles, to find the fines 

and cofines of their fum and difference. 

99. Let ACM, MCN be the two given angles, of fig. 
which ACM is the greater; make the angle MCP = \ 4« 
MCN, and then ACN is the fum of the two given 
angles, and ACT their difference. Draw the .chord 
PN, interfering CM in Z>; then as the angle PCD 
=jVCD, PC=CN, and CD is common to the tri- 
angles PCD, NCD, we have (Ere. B. i. p. 4.) PD 
^DN, and the angle PDC=NDC, therefore each 
of them is a right angle. Draw NC, DB, MH> PK t 
perpendicular to AC, and therefore parallel to each 
Other, and DF r PxE parallel to AC, and therefore 

da v parallel 



-\ 



/ 
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parallel to each other (Euc. B> i. p. 30.). Now as 
ND=DP, we have (Euc. B. vi. p. 2.) NF=FE 
z*Dx, and Px= Ex=DF-, therefore BK=GB=Z>F. 
Alfo, the triangle NDF is fimilar to the triangle 
CBD, for the angle NDF^CJDB, each being the 
complement of F£)C X and the angles at F and B are 
right angles - T but CI)B is fimilar to CMH> the angle 
at C being common, and the angles at B and H 
right angles ; therefore NDF is alfo fimilar to GJtflJ. 

Hence r . 

1 

/ «. 

CM : MH ::.CD : DB= MH *? D \ 

CM. ■ 

CM: CH :: iV£> : SF=^^—i r 

« 

_. r MHxCD+CHxND ^ n „„ 
ThereTore -^-^ — ■■ = DB + NF = 

WW 

,FQ + $F = NG the fine of the fum. And 

MHxCD-CHxND __ .._, __ _ 

, ^ — — - =DB-NF=DB-Dx=Bx 

= P.£ Oa/tfine of the difference. 

Again, . , . 

C#x CD 



CM : wY :: CD : CB= 



CM : MH :: JV£> ; 1)^= 



CM ' 
MHxND 



■CM 



wm • 



„,, f CHxCD-MHxlfD — ^„ „ n 
Therefore ^-f- : — = CB - DF^CB 

— BG «=• C<? the <•$£*<? of the fum. And 

. CH 
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the. cqfine of the difference. 

Hea^e* if ^fj= the angle -4CAdf; B^th^ angle MQtf 9 
r = radiias, we J^ve,, .- 

' o- /i, m fin. -^xcof. B+cof. -tfxfin- 5 
ipo. Sin. (A+B)~ ^ -. 

ioi. Sin. (A-B) = 
102. Cot (A+B) = 

103. Cof.y^- s; = 



n 



fin. ^x.cof. 5- cof. i^-xfin'.'5 



cof. -^xcof. 2?-fin. Ax&ti.B 



cof. ^ x cof. J8 + fin. >4 xfin. 5 



Cor. 1. By adding and fubtra&ing the equations 
In Articles 100, 101, and dividing by 2, we get, - 

JP4 . Sin.ixcofJ ^^^ ^+^; + i fm; (A-B). 

If ^=30% fin. ^ = fr (91); hence, cof. J3=fin. 

(3o°4-£) +fin. (30 - B) ; therefore, fin. (30°+ B) 

=cof. 2?-fin. (30°-!?). 

Cof.^xfin.S ir /yfl7)1 ir : - ,v Dl 
105. —r ^ifiq./^+^-Jfin.^-^;. 

If yf=6o°, cof. ^=| ^ (91) j hence, fin. \5=± fin. 
'(6o'+B) -fin. (6o°-5)j therefore, fin. (6o # +5) 
= fm. (-6o°- J B)+fin. £. ! ' "' s 

By adding and fubtrafUiig the equations in Articles 
102, 103, and dividing by 2, we get, . - , 

, Cof.^XCof.B , r \m X ^i 'rj*\r>i' 

jo6. —r-r- — - — >icqt (A~B) + ico£(4+B). 

107. Sin. 



^ 



%- 



I 
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* i 



I07 . - ; - ^ =: § cof. /i#- 5; r I cof. (A+SJ. 

1 
1 

Cor. 2. Put A+'B=P, J-B=2, then ^=| 
fP+3;, B = f (P~ 3j 5 for ^ and £ fgbftirate thefe 
values in Articles' 104, 105, 106, 107, and multiply 
by 2, and we get* 



< • > • 



^9& . » 2 ' ^ — . — ^ - = fin.P + fin 2. 

r » 

109. * ... * y ■ < it ^=fin.P-fin.2. 

110, m . , ■ ?! — . T<u ■ 2J -=cof.g+cof.P. 

tn zfin.i^ + ^ X fin.|rP-g; =gCona _ cof . pt 

112. Cor. 3. Frpm Articles 108, 109, we have, 

fin. P + fin. 2 _ fin, f (P+2) x cof. j /T- 2) __ 
lin. P - fin. 2 ~ cof. § (P + 2) x fin. j (P-2) ~~ 

Ian: § fP-lj ( ?8)i henCC » fin -. P+fm ' 3 : fin. P 

-fin. 2 :: tan- f fP + 2; : tan. \ (P-3),: If P 
=^o% and for Q We put ix> then rad. + fin. 2* ; 

rad. -fin. 2* :: tan. (45*+*) : tan. (45 — *). 

• • > 

Air /• a * u Cof. 2 + Cof. P 

Alfo, from Art. 1 10, 1 1 1, we have ^ Q _ CQl p 

- c o f - t fP+3>/ x cof. I fP- 2) ■ cot, f (P+2) 
tin. I (P+2) x fin. i(P-2J ~ tan. \(P-2) 
(78, 8i); hence, cof. 2+cof. P : cof. 3— cof. P :; 
cot. J fP+S; : tan. f fP-2;. 

113. Cor, 



\ 



/. 
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i 113. C$r, 4.; $rom Attictai.icto>.gQrj wp^bavc 

fin, (A+B) : fin. (A- B% : : fin. A x^coC 5 + cof. A 

x fin, £ : fin. : A x cbf. B-± cof. ^"xjEnrB :: (dividing 

the two laft terms "by cof. A x cof. 5)' ^~^+ ^£ 

/; ' coM T co£i? 

fin. A fin, 5 , oN 

: ^TA --^CB :: <7 8 ) <**• ^+tan.,5 :• tan. ^ 



r 

"rt-r 



f* 



tan. 5 :: (82) ■?;+ ... „ , , . . 

v ' cot. A cot. 5 clot. A ■ cot. 5 

;:: -cot. .fi+ipot. A : cot. fi-jCot. 14. 

;From Articles 102, 103, we have cof. (A+B) : 
cof. (A - B).- ■. : cof: ^ x cof. B- fin. 4 x fin. B ;><cof, 
^•x cof fi+iin. A xfin.fi :: (dividing the two laft 

terms by fin. A *cof. B) ~4'~ ^ B . i^J, 
3 ' fin. A- , cof.fi fin. ^ + 

fin.fi • ' • ' • x • •- ■ • ' ■ ■ ' 

^r-g- :: (81, 78) cot. A- tan. S : cot. A+tan. B 

:: (82) 



1 ■ -*. 



+ 



tan. A coc fi * tan. ^ ^ cot. fi :: cot * S 

' -".-it , 

-tan. A : cot. £+tan f !/*. - •. » 

1 14. Cor. 5. By Art. 78. tan. A ± tan. fiWx 
/fin. ^ fin. fi\ _ v fin.^xcof.fi=fc fin.fi x cof. yf 

V col. yf coil JS/ . ~~^or 



/• \ •«. fin. (A±B) 
= (100, ici)'***'-' ■ — t- 



A x cof. B 
ck^xcoUf- Alfo ( 8l ).*ot. 

.** cot. fi=rx f£^*££*\ _, 

r yin. A &B.Bj~\ 



r x 



fip.'.gxcof. y/=f=fin. A x cof, -8 

fin. Ax fin. i? 
fin, /g ztA) 
fm.Axiii\ f B' 



i9 



= (100, 101) r*x "* 



115. Coiu 
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115, Cor. 6. Let B^J> and we have (100) 

%^^r : , . r ';..- ' > «f » Art. 97.. Alfo (l02), r 

j. \ xof.^ -fin. ^* __ 2 cof.^*— fin. ^ z -rcot. A % 



■ * 2,. cof. A — r* - 

116. Coiu 7. By Article 78, the tangent of 

' '• fin, A x cof. 5 + cof. ^/ x fin. B .. .. 
' r <* cot A x cof. B - fin. A x fin. 5 = (^ d *- ' 

' ' ' . « 

viding the numerator and denominator by cof. ^x 
cof. 5, and fubftitutirig tan, -r- rad, for fin. + cof.) . 

r*x ^-i t— ^tt^d- In Il * e manner, from Art. 

r*-tan, ^xtan. /? 

/a di * tan. ^— tan. i? 
ior, io3, we get tan. (A-Bj^r 1 *-—-- — *— — r-^. 

1 jl> ° r x + tan.^ktan.5 

* ^ 

But we (hall (how how thefe may be deduced, .with- 
out firft finding the fine and cofine of the fum and 
N difference, ... 

Prop. X. 

Given the tangents of two angles * to find thfi tangents of 
their fum and difference. 

.> 
fig. 117. Let AOB, AOC be two angles, AG> AT their 

5* tangents, and CF the tangent of BD<C; draw GD 

perpendicular to 0T 9 and therefore parallel to FC> 

and the triangles ODQ OCF are fimilar, the angle 

at O being common, and the angles at Q and D right 

ones, 



- 1 



* 
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Gilts. Now the triangles 07^, G72) arc fimilar, 

. being right, angled at A a/id £>, and having the angle 

!T common; hence, OT : AT :: TG, or AT- AG, 

: T^ AT \~^ xAG r therefore, 02) == OT- TZ> 

=0T^ dllz^pLd^ = (as OT'-AT^OA 1 ) 

OA*+ATxAG 

7^= . Alfo, OT : Oj* :: T G, or ^fi — 

(JI 

AT— AG 
AG, : DG^OAx * r . But by fimilar trian- , 

gfes, OZ)G, OCF, 02) : DG :: OC : CF; that is, 

OA % +ATxAG ^' AT-AG „. ■ „ 
— or : O^x — ^ — :: OA : CF = 

AT— AG w 

O^* x 0A * + ATxAG the taUgpnt of the angle 50C, 

or of the difference of the angles AOC; A OB* v 

- . Again, from the lad equation, we get AT^zOd* 

AG4-CF 
x Pm — \n ni? ^ c tangent of the angle AOC 9 or 

of the >» of the angles AOB 9 BOC. 

Hence, if T and / be the tangents of two angles 

A y B 9 of which T is the greater, then the tangent of 

T+t - 
(A+B)^r x x a _ rf , and the tangent ol (A— Bj 



r*+7T 



118.-C0R.1: If A = B,T=t, an^ r^x-r^n 

is the ttageat of :^. 

* - ; 119, Cor. 
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iio. Cor. 2; If C, r repfefetit the cotangents of 
the arcs A, B-* then as T'= ^, and /== - (82), we 



have, tan. {A+Bj—r 1 x>y, 
c'-C 



c+C 



Cc-r 



-, and tan. (A—B/ 



r z x 



Cc + r x ' 



Alfo, tan.-2^=r*x ; 






.<*■ 



Prop. XL 

G/ttftf / the tangent of an arc A> whofe radius is r, to 
J&&/ M* fine and cofine of twice that atd 



' iao. Put n= %/r*+t % the feeatnt (80) 5 then - = 

coC ,rf (80), *nd - =C9t. ytf (82}$ hence (83), ■*- : 

r :: — ' : — = cofec*^; therefore (8i) *— = fin. -^ a 
t t v * 



x« 



2r/ 



2r7 



henqe (96), r : — :: — ■ : fine of 2^= — - = 



r 1 - rf 



tit. Cor. 1. Hence (80), the fecarit of iA?*—* 
=r*x -i :=rx- — ^; and (83) the cpfecant of 



1.4 



2^= i r— =?r*x ^. 
fin. 2^/ 



r*+/* r*'+/* 



2/ 



Now wfoen &A is 



between 90 and 180% the expteffiaa for itfs cofine 

becomes 
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becomes negative; therefore (77) the ver Jed fine of 



- r l -rt % %rt % 

zA—r— 



iai. Cor. 2. Alfo (96), the fine of 4 A = 
====£ — > anc * ( IX 5) the ^2^ of 4^3 

' ■ x . Now when 4^ is between oo° ami 

x8o°, the expreffion for it's cofine becomes negative; 

therefore (77) the ver Jed fine of 4^=r "T^ ■■ . t ■ > 

8r s / x ~ * . ' 

Thefe theorems will frequently be found ufeful in 
rendering equations free from furd quantities* - 



Prop* XII, 

Iwu right angl&t triangle* the bafe : the perpendicular 
:: radius : tangent of tie angle at the baje, 

1 

1 33. Let ABC be a triangle, right angled at B; fig. 
and let Anbt the radius in the Tables' which (fontain 6. 
the values of the fines, cofiries,^&c. and draw*** per- 
pendicular to An* then nm is the tangent of the Angle 
A (69) ;; and by fimilar triangles Anm> ABC* AB : 
BC :: An i nm :: radius : tangent of the angle A. 

Thus, if we have the two legs * of a right angled , 
triangle given, we can find thfe angles, for having 
found the angle A, it's complement is the angle C. 

124 Cor. 

. • . 3f he fides including the right angle, are called Ltgs, 
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124 Gor. If we confider BC as the bafe, we 
have, for the fame reafon, BC \BA :: radius : ean- 
gent of the tingle C ; and haviftg found one of the 
angles* from knowing the two legs, the hypothenufe 
i^iay be found by Prop. 15. Or it may be otherwise 
found by Prop. 14* " 



Prop. XIII. 

i 

." In a rig At angled triangle > the hypothenufe : the bafe :i 
radius : the cofin& of the angle at the bafei Alfo> the hy- 
pothenufe r the perpendicular :: x radius : the fine of the 
angle at the bafe. 

jfl$i For if Am be made radius, An is the cofine, 
and nm is the fine of the angle A (6^),; and by fimilar 
triangles, AC : AB :: Am : An :: radius : cofine 
of the angled. Alfo, AC : CB :: Am : mn :: ra- 
dius : fine of the angle A. 

Thus, if we have the hypothrfnufe and one leg 
given t we can find the angles. 

The folution of the other cafe of right angled tri- 
angles, that is* having given one of the oblique an- 
gles, fcnd one fide, to find the other parts, follow im- 
mediately from the J&XX propofition ; for if one of the 
oblique angles be given, the other will be known, the 
latter being the complement of the former ; therefore 
we (hall know all the angles and one fide. 

If the hypothenufe and one leg be given, the other 
leg may be found by Art. 50. whence the angles are 
found by Prop. iz. Or, without firft finding the other 
leg,, the angles may be found by Prop. 15. 

' Prop. 
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Prop. XIV. t 

Given two legs AB % BC of a right angled triangle 
ABC, tofindtkeJiypothenufeAC. 

126. Let a=AB 9 b = BC, then (Euc. B. 1. p. 47.) 



we have hyp. AC=\/a % + b % z=ax \/ i-H—. Let 
-/f# = rad. of the Tables = 1, and draw mn perpendi- 

h 

cular to AB\ then, by fimilar triangles, a : b :: 1 : - 

=w« the tangent of the angle A (69) \ and Am =* 

/"" A* rad * 

v/ iH — r =fec. A— — jr^ (80). Now as tan. itf= 
^ a* col. A v ' 

rad. of the Tables x ~, and the log. of rad. = 10, we 

a 

m 

have (50) log. tan; ^=to, (log. rad.) + log. b - 

log. a; and log. y/ i+~i - 20 * ~ lo g- cof.^ (36); 

but to reduce the log. found in the Table of fines, co- 
fines, &c. to the log. of the natural numbers, you mufl 
fubtradt 10 from the index (50); find therefore 10, .. 
- log. cof. A, or, which is the fame, take the arith- 
metic complement of log. cof. A, and add it to log. 



a' 



a,, and you get the log. of ax \J I+-; , or the log. 
of the hypothenufe. , 



£ 



Ex. 



X 



•w 



jfc 



flan£ trigonometry. 



Ex. LetAB--=i8g, BC= 347; tofindAC. 



10, + log. jdfl 
log. 189 



log. tan. A - 



■ 12,5403295 
2,2764618 

- 10,2638677 



ar. co.log. cof. A - 
log. 189 



0,3202801 
2,2764618 



log- 395^3 = AC "• " *>59 6 74i9 

127. Or, ^fC may be found in the following man- 
ner. By Art. 123. AB : BC :: rad. : tan. A; and 
fin. A : rad. :: BC. : ^,(125). 



Prop. XV. 

/« any triangle, the fides have the fame proportion to 

K each other, as the fines of their oppofite angles. 

{ 

F ig. 128. Let ABC be any triangle, and draw CD per- 
14. pendicular to AB j tben(i.25), 

AC : CD':: rad. : fin. A 
CD : BC :: fin. B : rad. 



«•—**■ 



* * • 



<\ ^C : BC :: fin, 5 : fin. A 



129. Cor. 1. Hence, if two angks and a fide op- 
pofite to one of them be given, the other parts may be 
found. For let the angles A and ACB be given, then 

the 
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the angle B will be known, it being the fupplement of 1 
A+ACB; let alfo BC be given ; then fin. A : fin. 
ACB :: BC : ABi and fin. A : fin. B :: BC ; AC. 
130. Cor. 2. Let two fides and an angle oppofite 
to one of them be given $ for iriftance, let the angled, fig. 
the fide AC, and the fide oppofite to A be given; and ?• 
let P2 be the length of the fide oppofite to A. Firft^ 
let the angle A be lefs than a right angle. With 
the center-C, and radius = P£, defcri be the circle vw 
cutting the indefinite line Am, forming the given angle 
A, with AG> in B and E, and join CB, CE\ then it 
is manifeft, that each triangle ACB, ACE will anfwer 
the given conditions; for the. angle A and AC are 
two of the data, and common to each of the triangles, 
and CB, CE are each equal to PQ the other given 
fidfc. This cafe is therefore ambiguous; except, 
ift, when the circle touches Am, in which cafe,: CE 
-and CB coincide, and become- perpendicular to Am. 
„2dty, when B falls below A, or in mA produced 
downwards, opwhen the fine of A is greate'r than the 
fine of the angle oppofite to AC, in which cafe> the 
■triangle ACE alone anfwers die given conditions ; and 
the angle AEC is lefs than 90 . When the circle 
neither cuts, nor touches Am, the cafe is impoffible. 
The fame appears from the propofition; for CB,qtCE 9 
2 CA :: fin. A : fin. of the angle oppofite to AC, but 
♦the fine of an angle, and the fine of it's fupplement, 
are the fapie (63) ; therefore there are two- angles op- 
,pofite to AC, which will anfwer. the giyen conditions, 
one of, which vis -the fupplement of the ,othe$; let l 
^therefore ABC be the greater of thefe angles, and 
AEC will be the other; for the angle CEB=*CBE, 

e 2 which 
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which is the fupplement of CBA*; and the angle 
ABC is greater, and AEC lefs than 90°. . When the 
fine of the angle oppofite to AC becomes radius, than 
CB, CE coincide. When the fine of the fame angle 
becomes lefs than the fine of the angle A 9 B falls be- 
low A y and the triangle ACE alone anfwers the condU 
tions - 9 and when the proportion giv'es the fine of the 
angle oppofite to AC greater than radius, the cafe is 
impofiible. - Secondly, let the angle A be tqual to, or 
greater than a right angle. Here there can be no am-' 
biguity, as the angle oppofite to the bafe mull be lefs 
than a right angle, otherwise the three angles of a 
triangle would be greater than two right angles. In 
this cafe, B mufl always fall below A. 

Prop. XVI. 

If a perpendicular be let fall from the vertex of a tri* 
angle upon the bafe, the bafe : the fum of the other two 
fides :: the difference ofthofe fides : the difference of the 
fegments of the bafe. 

M 

131. Let 

, • In like manner, whenever we get the fine of an angle, that 

angle will be ambiguous, fo far as we can determine from it's fine. 
But in Spherical Trigonometry, the known affe&ions of the fides 
and angles of a triangle, will frequently take away the ambiguity, 
as will afterwards appear. The known limits alfo of the values of 
1 quantities in practice, will often prevent a cafe from being doubtful. 
For inftance, if by any computation we deduce the fine of the fun's 
true altitude, although that fine may anfwer to two angles, one as 
much above as the other is below 90S yet, as the fun's altitude can 
never be greater than 90 , we know that the angle under 90 9 is 
that which the cafe requires. 
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131. Let ABC be a triangle, and BD be perpen- fig. 
dicular to AC; with the center J?, and radius BA 8. 
(the lefs of the two fides), defcribe a circle, and pro- 
duce CB to meet it at £; then CE=CB + BE = CB+ 

BA the fum of the fides; and CF=CB-BF=CB- 
BA the difference of the fides ; alfo, BD bifefts AG 
(Euc. B. in. p. 3.); therefore CG = CD-DG = CD 
-DA the difference of the fegments of the bafe. 
Now CA x CG = CEx CF (Euc. B. 111. p. 36. Cor.); 
hence, CA : CE :: CF : CG. 

132. Cor. Hence, if the three fides of a triangle 
be given, the angles may be found; for CG being 
found, i (AC+CG) = CD> and { (AC- CGJ = AD, 
will be known. Therefore in the right angled triangle 
BDA 9 we know BA y AD; hence, we can find the 
angles BAD 9 ABD (125); and in the right angled 
triangle BDC 9 we know BC, DC; therefore we can 
find the angles BCD y CBD (125); thus we find the ' 
angles of the given triaflgle. But wheiji the three fides 
are given, the angles may be more readily found by 
the following Propofition. 



Prop. XVII. 



As the reRangle under any two fides of a trianvl$ : 
' I (third fide + difference of the other two fides J x 

I (third fide —'difference of the other tzvo JidesJ :: the 
Jquare of radius : the fquare of the fine of half the. angle 

comprehended between the before -mentioned two fides. 



s 



* 3 ' 133. By 



\ 
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133. By Euc. B. ii^ p. 13. 3C*=AC % +AB % - 

%AC x AD = fas AD = dS-^SLJ (125) ^ AC* 

j. aw iAC-x AS x cof. A ■ 

+ An — — — — , . therefore r x 

r 

JJC % '+AB*-,BC* ' ' 2 x firTT^ , » x 
zACxAB =cof. ^r- - - (93); 

hence, 2 x fmTp' = r* +> x BC*-AG*-AB* 

2 iACxAB 

■ •, . BC - ^C. - ^' '+ 2^C x 4fl _. 
r * zACxAB, . . ~ , 

r» x (BC+AC-AB) x (BC+AB-AG) _ 

zACxA , B — - (»r X> _ 

JCx_£B : J {BC + Dj xi (EC - &J :: r* : 

lm. J 4*- . *, .: :• . 

The logarithmic Calculation of the value of half 
the ingle A is heticfe very -Ample j for as fin/|^== 

^ ——JCTAB ' we have ( 6 > 7* 

40), log. fin. I ^=f f a lag: r + log. i fBC + Dj + 
log. r I fBC-Dj + ar. c'6. log. ^C+ar, co. log! ^5, 
reje&ing 20 from the index j 3 but 2 A kg. r s= 

20,00^00016 ; we may therefore leave out 2 log. >•, 
and that #ill take 20 from the index; hence, log. fin. 

' t \A = l Qog. iYBC + Dj + log. \(BG-D) + 

\ " • an 



, 1 



p.L4N$ WG0«m«5TRm;v 7* 

» . ' 

a{. ca. log. AC+ar. co. log. ^iA; therefore we get ( 

the aogfc 4 w,hen the three fides are given; and there > 
is h^re no ambiguity, ^s half A i$uft be lefs than 90 * 

* » 

1 34. Cor. Hence, cof. iA= \/.r a -firt. f ^ ~ 
/ . V 1 /?C+ AE -4Cjxl (BC\ AC -> A~Bj\ 



ACxA$ 



C^AC*AB-\(BC+AB~AC)x\ (BC+AB-AC) 
= y/. r a >< ■ ■ 



ACxAB 



» * • 



■1 > 



' , /"r* x £ {AC+'AB+BCJ x \ f.AC\AB-BC 

'Si; a x ... * ■ ? ■ .i i " ■ * ■ ■ — • ■ t ; . — { , V 1 < * ■ 1. ■ ■ 



therefore log. cof. J^ = J (log. J /^C+^5+5< 
+log. i {AG+AB-* BCj+zx. co. log. ^C+^r. co. 
log. ABJ. ..-....•.. j. 



Prop. XVIII. • 

I« tf#y triangle, the fum of any two fides* : their diffe- 
rence :: the tangent of half the fum of the two angles op- 
pfite ta thofe fides : the tangent 6f half tkeir difference. 

135. Let 4BC be any triangle; with {he center $ fig. 
and radius 2?C, the fefs of the two fidefc AB> &C y de- 9 
fcribe a circle, cutting vf8 in G, and produce y£# to 
qieet the circle in F; join FC* and GC, and draw 
GN , perpendicular to GC. Now as GQF is a right 
angle (Euc. B. in. p. 31), GN is parallel to FC 
(Euc. B, 1. p. 27), and the triangles AGN, AFC 
are fopifori alfo, GN is the tangent x of ACG % and FC 

e 4 the 
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the tan&nt ofBGC, to the radius GC (69). Again, 

jf-JB+BF=AB+BC the Jum of the fides, and 

jQ =z/ fg—BG~j4B~BC the difference of the fides. 

Alfo, \{BCA+BACJ = \FBrC (Eire. B. 1. p. 32.) 

-BGC (Eve. B. in. p. 2o.) =BCG; and ACG = 

BCA-BCG=BCA-l (BCA+BACJ = \ (BC4- 

BACJ. And by fimilar triangles AGN> AFC, AF t 

AG :: FC : GN, that is, AB + BC : AB-BC :: 

tan. ifBCA+BACj : tan. \(BCA-BACJ. 

136. Or, the propofition may be thus proved. 

'By Prop- *5- BA : 5C 4: fi n - 5C ^ : fin - 5 ^ c > 
therefore BA+BC : BA-BC :: fin. BCA+{in. BAG, 

.Gn.BCA-to.BAC :: (112) tan. \(BCA+BAC) 

1 m-ifBCA-BACj. , 

137. Cor. The two fides ^5, 2?C, and the in- 
cluded angle ^5C being given, we have BCA+BAC 
z=iSo°-ABC; therefore /SJ half the ftim of the 
other two angles is known ; hence, the three firft 
terms, in the proportion being known, we get the 
fourth term (D) 9 half the difference of the fame two 
angles; therefore 5 + Z) = the greater angle BCA 9 and 
5 — Z) = the lefs angle BAC*; thus we find the other 
two angles. Hence (128), fin. BAG : fin. ABC :: 
BC : AC the third fide. 

138. If an arc be found in terms of it's cofine, and 
the arc be very fmall, or very near 180 , the variation 
of the cofine will be fo fmall, that it will not vary in 

1 th$ Tables for many feconds. For inftance, fuppofe 
the log. cofine of a required arc comes out 9,999998 \ 
now in the Tablfcs, this is the cofine of an arc from 

• For $ (B CA + BAG} + f (B CA - BACy = B CA, and 
i.(BCA+BJC) -i (BCA-BuiOj-BAC. '. '' ' 
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%'. 52" to 3V 41"; here is therefore an arc of 49" 
which has the fame log. cofine in the Tables, owing 
to their being continued to 7 places of decimals only* 
it is impoffibls therefore; to foy. what arc between 
2'. 52 " and 3'. 41" we are to take. In fuch cafes,, we 
muft exprefs it by a fine. Now if A be any arc, 

r — cpf. A =g, 2x xn '* — : (93) j therefore fin, f ^== 



-*— 



v/ : — ; and as the log. fine of a fpiall arc 

increafes faft ft we (hall thus get A true to a fecond^ 

In the cafe of Prop. 13, let us fuppofe the angled 

AB 
to be very fmall. Here, cof. A=rx —,\ therefore 

fin. I yf= \/ r* x — "j7 — . In like manner^ if aq 

arc very near 90 be • expreffed by it's fine, upon ac- 
count of the fmall variation of the fine, the arc can 
only be known within certain limits \ we muft there-, 
fore exprefs it in terms of the cofine. For the methods 
of proceeding in all fqch cafes^ feeDf. MasiCelyae's 
Introduction to Taylor's Logarithms, 



Prop. XIX. 

Qiven (he threG fides of a trimgte* 'to. find its area. 

... / 

139. ByEuc. B. 11. p. 13. BC*=AB?+AG*~ fig. 

„n sn ,i f >*n AB % + AC % ~BC* , H« 

zAPxAB x therefore JD = = j^ ; and 

zAB 



(Eoe. B. 1. p, 47.) QD^AC'-l ^^; 8 ^ 



r* 
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*AB*xJC % +%AB % xCB % +%AC % xCB % -ABS-JC*-BC*. 

5P ,», .. , ■ . . r , * ■ ; 

hence, the fquare of the v area \ = i AB*x CD 1 ) = 



•»*. 



16 

i SAB+AC+BC; x J {AB+Afi-BCj x \ fAB+ 
BC~ AG) x I /AC+B&- AB/i the area a£ a trian- 
gle is therefore found by the following 

Rule. Add the three ♦ fides together, and take 
half the fum,' and from the half funi fubtradt each 
fide feparately; multiply the halffum and the three 
remainders together, and the fquare root of the prp- 
dudt is equal to the area. 

, Prop. XX. 

. Ttfind tJi& length of a firaight objeft Jlanding perpen- 
dicular to the horizon. 

FI6 ' ' 140. Let P2 be an objed, acceffible from A the 
IO# place of obfervation. Upon a ftancl Am fix a qua- 
drant at m> and let tnr be parallel to the horizon, 
which line may be determined by the telefcope of the 
quadrant, if it be an aftronomical one, by fetting o on 
the vernier to o on the limb, if t&e quadrant flbow 
altitudes, or to go on the limb, if it fhow zenith 
diftances; and if Habley's quadrant fye ufed, the 
line may be determined by a level at m. Obferve 
the angles 2wr, Pmr> with the quadrant; and friea- 
fure the djftance mr, by placing feveral fraffs whofe 
tops are in that line, and then meafufe upon them 

with 



1 
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with rods; for the ground wiff probably not be hori- 
EontaVand fufficiently plain' for the purpofe of mea^ 
furing. Hence, rad. : tan.- Star':: mr* : Qr (125). 
And to find Pr, we have, rad. : tan. Pmr ;: **r : 
Pr ; hence, we get P2 = 2 r + Pr. 
' If P2 be inaccejjible^ -place the, quadrant at fome 
other point n in the line wr, and obferve alfo the 
angle 2nr> and meafure the diftance m%+ Then as 
we know the angle 2«r, we know 2nm it's fupple- 
ment; attld fiaving bbfefVed the aijgle 2mr 9 we get 
m2tt±\%a* -^2,nth--2nin\ hence (128), fin. n2m : 
lln. 2#?tf ::'!»« : 2«; and (125) rad. : fin. 2nr :: 
2n : 2r. And to find Pr> obferve the angle P'mr, 
and we have, tan. 2mr : tan, P/»r -.: 2r : Pr (71)5 
hence, we get Sr+Pr^PS. - : 

* Or the" altitude may be found thus. Let 2 v=the 
radius of the Tables ±= unity; and draw i>$w perpend- 
icular io 2F\ then ('69) vw is the tangent of tfee 
angle wS<;, or the cotangent of 2/»r, and j«z? is the 
. cotangent! of ' 2ftt; therefore! sz» } k the difference of 
the cotangents of 2mr, J 2nr, the two obferved an- 
gfe$; and by fimifef-- triangles - 9 - w$ : mn :: 2s : fin t: 

^v ( = 5) 1 Qr~ — . Jn like manneir we act Pr. 

; Heftce, if <r==the* deference of the cotangents of Qmr 9 
2nr* and £^ the difference of the cotangents of Pmr, > 

Pflf, we h^w rr.+ 'T =**« x — ir = "& This is 

a b ab 

the fhorteft operation in pra&ice, 

141. Cor. Hence, we can find the length of any 

' part 2S from the top, fey obfefving, in the firft cafe, 

the ahgle Stnt> and then computing Sir as 2r was 

' computet} j Or, in the fecoiid cafe, byobfervmg alfo 

the 
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the angle Snr, and then calculating Sr in the manner 
in which Sr was calculated. Hence, we get 2r— Sr 
=35. Thus we may find the height of a tower fitu- 
ated upon a bill* 

Prop. XXI. 
To carry on a meafuremeut by aferies of triangles* 

pig. 144. Meafure a bafe AB, and let C, D be two 
11. objefts which 'can be feen from A and B~ With a 
theodolite, or any other inftrument with which you 
can meafure horizontal angles, meafure the angles 
B AC, ABC, BAD,ABD; then in the two triangles 
CAB, DAB, we know, in each, the fide AB, and the 
angles at A and B, therefore we know ACB the Sup- 
plement of CAB + CBA % and ADB the fupplement of 
DAB+DBA-, hence (iz8), fin, ACB 2 fin. CAB :: 
AB : BC, and fin, ADB ; fin, D^5 :: AB : BD-, 
, thus we obtain BC, BD; and knowing the angles 
ABC, A BIX, we know their difference CBD; therefore 
in the triangle CBD, we know CB, CD r and the in- 
cluded angle CBD; hence (137), we can find CD, 
and the angles BCD, BDC. Therefore we know the 
length of CD-, alfo it's diftance from AB, and it's 
pofition in relpeft to AB. In like manner, if E,F, 
be two objefts vifible from C and D, we can deter- 
mine from C and D, the length of EF, it-s diftance 
from CD, and i& pofition in refpeft to CD. Thus 
the meafurement may he continued to any diftance. 
And to make the conclufiQn more accurate, the men- 
furation from one bafe to another, may be carried on 
by different fet$ of triangles. For inftance* two ob- 
jects 



f 

I 



\ 
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jefts P 9 2, might have been chofcn, inftead of C, Z), 
and the meafurement of EF might have been obtained 
by means of them, in like manner. And by taking 
feveral feries of triangles which condud to the fame 
two objedts, the mean of the refults will probably be ^ 
more accurate than, any one would have been. After 
carrying on a feries of triangles for fome diftance, it is 
cuftomary adtually to meafure again the interval of 
two obje&s whofe diftance has been determined by 
calculation, in order to find the error of the calculated 
diftance. This is called a Baft of Verification. 

143. A furvey of England is at prefent carrying oa 
from a bafe firft meafured upon Hounjlow Heath. By 
continuing the meafurement to Salijbury Plains, the 
diftance of two obje&s was there found, by calcula- 
tion, to be 36574,4 feet, from the mean refult of 
feveral feries of triangles ; and by an adual meafure- 
ment, the diftance was found to be 36574,3 feet, dif- 
fering very little more than an inch from the com^ 
puted diftance. A proof of the extreme accuracy of 
the inftruments, and goodnefs of the obfervations. 

144. If there be any number of objedls vifible from 

A and B> the diftance and pofition of them all may * 
be determined in like manner. Thus a furvey may t 
be made of a large town, or city, by taking the 
pofition of all it's principal buildings at any two 
ftations from which they can be feen. The pofi- 
tion and diftances of (hips at fea, and, in ^general, 
of any inaccefiible obje&s, may be determined in like 
manner. 

145. Alfo, by the bye, any extent of land may be 
meafured, by meafuring a bafe, and dividing the 

* whole 
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ifchole into triangles. For the area of the triangle 
fdCB=i ABxBC x fin. CBJ, radius "being unity*; 
the area of BCD=\ CB x BDx fin. CfiZ> ; the area 
CDF=iCDx'DFx 'flh» CDF; the area CEF=\EC 
xGFxfin.ECF; and tlius we may proceed for all 
the triangles into which the whole is divided* This 
is the mdft ready method, particularly when the 
forveysare large. 
pig. -146. But if one fide ABC of a field be a curve, 
"• let ADC be the chord; and divide ADC into any 
number of equal parts ; in the prefent inftance, we 
will fuppofe it to be divided into^w; but the greater 
the number, the more accurate will be the refult; and 
me a fore the perpendiculars mn y pq 9 rs, tv. Then, 
confidering the parts of the curve intercepted between 
the-fucceffive perpendiculars to be ftraight lines, , and 
that Am, mp,pr> rt,tC, are each f of AC, we have 

AtcA'Antn ^imnx-fAC 

innqp = £ (mn+pq) xfACf 
pqsr =i(pq-hrs)xfAC 
rsvt =f (rs+tv)xf AC 



* Ctv ^itvx^AC 



;. area AB,CDA= (mn+pq+rs+tv) xfAC= 

s 

FIG. • That this is the area may' be .thus proved. Draqr CD perpen» 
X a dicular.to JB; then, rad.,=:i : fin. B :: BC : DCzzBCxftn.Bi 
' * and the area ABCz=.5ABxDC~\ABxBCxbn.B. 

FIG- t For let pq, mn be perpendicular to mp, join nq, draw na pa- 

j * rallel to **/, and bife£l 07 inr. Then the area m nupzzmpxmn\ 

the area*. »*? = *« X j- f<* cs.iw/ X a c ; .therefore the atea- mn fpzz: 

mpX#n+mpXac zz mpX (mn+ac) = tnpxpc zz mpxi (pq+pa) 
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1 

tnn+ pq + r s+tv A/nt A , , ^ 
£-£— x AC. And thus it appears m 

5 
general, that any curvilinear area A BCD A is found 

neatly, by adding together all the perpendiculars, dividing 

thefum by the number of petpendtculats mcrtafed bywtify, 

and multiplying by the chord of the curve. , 



Prop. XXII. 

Given the $ftarict CD of two objeSs, to find the £f 
tance AB oftzvo obfervers at A and B. 

147. Meafure the angles CAD, CAB, BBC, DBA. 
Now as there are not fufficient data in any of the tri- 
' angles to compute the other parts, we muftaffumea 
value for AB, and then compute the valae pf CD, as 
in the laft Propofition ; then* as the computed vahie 
of CD is to it's true Value, fo is the affumed value of 
AB to it's true value. Fof the' angles at A and B re- 
maining the feme, By changing the value ; of AB; the 
whole figure will continue fimilar to itfelf, and 'there- 
fore AB will vary as CD. 



Prop. XXIII. 

, To meafure the length of an arc of a meridian. 

148. Let FM be the meridian of any place F; f iq. 
draw Da, Be perpendicular to it, and Db perpendi- n. 
xolar to Be. At F, obferve the fun's altitude when 
it is vertical to D, and- compute it's azimuth DFJ; 
then (125), rad. : cof. DFa :: FD : Fa. .Hence, 

• * ' we 
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wc get the pofition of all the triangles in refpedfc to 
the meridian. For knowing the angles FDB 9 °FDa, 
aDB ( = 90 ), we know the angle BDby hence, racL : 
cof. BDb :: BD : Db = ac 9 therefore we get Fa± 
ec=Fc. Thus the meafures are all reduced to the 
meridian. Now to determine the difference of lati- 
tudes of B and F, find, from obfervation, the true 
zenith diftance of a ftar at each place, and the dif- 
ference of thofe zenith diftances will be the difference 
of latitudes of B and F. But as the perpendicular Be 
does not accurately coincide with a circle of latitude, 
the latitude of c is not exa&Iy the fame as that of B. 
For the utmoft accuracy therefore, this difference 
muft be computed and applied to Fc, and you get 
the true diftance of the two places in latitude ; hence, 
the difference of latitudes of B and F : 1 9 :: the 
length of the meridian correfponding to the former : 
the length of a degree. A degree, correfponding to 
the i»ean radius of the earth, is 69,2 Englifh miles. 
-J>ee my Complete Syftem of Jflronomy, Vol. ii. Art. 

1009. 

If there be more ftations between the firft and the 
laft, the difference of latitudes of each may be com- 
puted in like manner. 

149. Having explained the principles of Plane 
Trigonometry, we proceed to fhow the method of 
refolving the various cafes of triangles, by logarithms; 
in which computations, by- the fine, cofine, &c. of an 
■* arc, or angle, we mean log. fine, log. cofine, &c. un- 
lefs the contrary be exprefled. And in making * trigo- 
nometrical calculations, it will fave much time, when 
the fame angles occur, to take out all their logarithms 
at once, as it will avoid the trouble of turning to the 

fame 



WLANE tRlOOirdMETRTi 8t 

larhe afhgle ag*in. . The c6mputer therefore^ before 
he begins his operation, fliould put it down in \t*i 
proper order, leaving it to be filled up by the loga- 
rithms; and he will then fee what angles are repeated 
in the operation, and, at one opening of the Tables* 
he may take out all the legatithms belonging to thd 
fame angle, and put theiti down in their. proper places. 

EXAMPLES* 

-* » . * 

Ex. t. tttfd right angled triangle AtiC* given tht Fi& 
bafe AB = zo , and the perpendicular BC=±^o^. to find *> ; 
the angles i and the hypothenufe. - 

K 

By Prop. 12. the bafe (ao) J pefp. (30) ti rad. : 
tan. of the angle A. Hence (50)* to, (log* rad.) + 
log. 30— log. 20 = log. &n. LA. 

■s 

.IO,+log. 30 * - * - 11,4771213 

lOg* 20 * % * * - 1,3010300 



-*-• 



tan* 56*. i$=JLA - * .10,1760913 



i.-ii-i. i.M.r t* 



Hence, $&'*-$&. i8'= tf. 44'=^C> 

Again (128), (In. ^=56°. 18' :*rad. :t BC=*$<i i 
AC 1 hence, io,+log» 30 -log. 56*. rS'^log. ;*& 

* 

io, + log. 30 - * * . . * - 11,4771213 
fin. 5 6°. 18' - - * - 9,9200994 

\og>$6&6-AC * - - 1,5570219 

Or, AC may be immediately found by Art. 126* 

P Ex. 



v *. 



8* 



PLANE TRIGONOMETRY 

Ex* 2. Given the hypothpiuf? AC '= 50, and the bafe 
AB = 20 ; to find the angles. 

By Prop. 13. AC=$a : AB^io :: rad. : cof. A; 
hence, 10,+log. 20 -log. 50 = log. cof. A. 



IOj + log. 26 - - 

log. 50 - • 



- 11,3010300 
1,6989700 



cof. 66°. 25' = L.A - - 9,6020600 



"*"-*■ 



Hence, 90* - 66°. 25' = 23 . 35' = z. C. 

Ex. 3. Given AB = 5c, *# J M* *»£/* A = 25 . 1 7'; 
to find BC. 

By Prop. 15. fin. C=± (90* -45*. t/) 64°. 43' : 
fin. ^= 25 . 17' :: -^2? == 50 : BC. Hence (49V 
ar. co. log. fin. 64 . 43'+ log. fin. 25*. 17'+ log. 50 
*- io, = log. BC. 



1 

An co. fin. 64 . 43' - 

fin. 25- 17 »- 

, log. 50 - - 



- - 0,0437322 

- - 9> 6 3°5*43 • 

- - 1,6989700 



log. 23,617 --'•*- 1*3732265 . 



lf IG , Ex. 4. In an oblique angled triangle, given the angle 
fj. A = 56 . 14', AC— 20, and the fide oppofite to the angle 
A = 30 ; to find the other angles and fide. 

By Prop. 15. 30 (the fide oppofite to the LA) : AC 
= 20 :: fin. 56 . 14' : fin. of the angle oppofite to 
AC; hence (49), ar. co. log.- 30 + log. 20 + log, 
fin. 56 . 14'- io,=log. fin, £.opp. AC, 

• At. 



\ 
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« 

Ar. co: log. 3© - - * .-; - 8i5228-y87 

log. 20 - • -• - - 1 £30 10300 

* fin. 56 * 14' - - - - 9,9197619 



•mm 



fin: 33; 39 = /.op. AC - 9,7436706 



•+ 



As the angle A is lefs than 5(0°; and the fine of the 
angle A is greater than the fine of the angle oppofite 
to AC, the cafe is not ambiguous, and A EC is the 
triangle, havrng the angle AEC lefs than 90* (136). 

Hence,, the angle £=i 86° -56^ 14'- 33°. 39' i= 
9-0-. 7 'i . 

Alfo (128), fin. $6°. 14' : fin. 96°. 7' :; 36 : AE; 
and fin. 90 . f is the fame as fin. 89 . 53' (63),.Which 
latter we 6nd in the Tables; hence (49), ar, co. 
log. fin. 5 6°. i4 7 +log. fin; 90*. 7'+ log* 30-10,=: 
log. AE. 



t Ar. co. fin. 56*. 14' - 

fin. 96. 7 ". 

- log. 36 - - 



- - 6^086238 1 

- - 9.999999* 

- - 1,4771213 



log. 36,088 = AE i - 1,5573585 

I ■ 1 I ,,|, 

it 5. Given the three fides ,..-#2? =40, BC^jfy 
AC — 6t> ; /<> /«*/ M<? a»£iV ^. 

By Prop* 17. the operation: will-fland thus: 
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Ar. co. log. AC^do »• - - - - 
Ar. co. log. AB = 40 - - - • - — . 



£>=20 

£D=io 
iBC=2 5 



t^-m 



log;i/3C+£>; = 3 5- 

log.l(BC~£>J = i 5 1 

fin. i A= 2 7 . 53' - ■ 



8,2218487 
8 »39794°? 

1,5440680 
1,1760913 



2 ) I 9>33994 8 ° 



+mm 



9,6699740 



• : Hence, the angle ^=55°. 46'; and here can be no 
ambiguity, notwithftanding the quantity comes out 
in terms of a fine, becaufe \A muft always be lefs 
than 90 . In like manner, each of the other angles 
may be found. Or, one angle being found, the other 
may be found by Prop. 15. for BC : AC :: fin. A : 
fin. ABC, and i$o* - A- ABC =*ACB. 

Ex. 6. In the triangle AB C, gi&ettAB = 40, BC=yo 9 
and the included angle ABC '= 76*.i4'j to find the other parts. 

By Prop. 18. we have 76 + 40 (no) : 70-40 
(30) r: tan. 51°. 53' ($.BAC + BCA) : ' tan. 
I . (BAC~ BCA). Hence (49), ar. co. log. 110 + 
log. 30 + log, tan. 51 . 53'- 10, = log. tan. of the 
fourth term/ 

■ 

Ar. co. log. no - - - - 7,9586073 
iog. 30 - - - - 1,4771213 
tan. 51°, 33' ... 10,1053683 



tan. 19. 10 - • - 



9,5410969 



Hence, 



/ 
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Hence, 51 . 53'+ 19°. icf=*-ji*. 3'=*= the angle BAC 9 
and 51°* 53'— 19°,. 10' = 32 . 43' == the angle BQA. 
And (128), fin. 32 . 43' : fin. 76 . 14' :: 40. : :^fC 
Hence (49), ar. co. log. fin. 32 : 43' + log. fin. 
76 . 14'+ log. 40— 10, 5= log. AC. 



H 



Ar. co. fin. 32 . 43' 
fin. 76. 14 
log. 40 



- * 0,2672163 

- - 9>9 8 734i3 

- • 1,6020600 



log, jtfC:=7i,88ij8 — 1,9566176 

9—mmmmmam tM«MM> 

In thefe computations, we have taken out the an- 
gles only to the neareft minute, as they (are found in 
the common Tables 1 of logarithms -, but if they be 
required to feconds, they may be found by proportion. 
For inftance, in the 5th example, the log. fine of § A 
is 9,6699740, the neareft to which in the Tables is 
9,6699420, anfwering to 27°. 53'. Now the diffe- 
rence of thefe, two logarithms is 320 ^ and in the 
Tables it is found that the difference of the logarithms 
correfponding to 1" is 39,8; hence, 39,8 : 320 :: 1" 
: 8"; therefore f ^=27*. 53'. 8". In like manner, 
we may find the angle correfponding to any logarithm, 
to feconds, by the common Tables. By Taylor's 
Logarithms, the angle can be taken out to feconds at 
once. The following examples we (hall compute to 
feconds. 

v 

Ex.7, G* ven mn = 40 ydrdsy the angle 2mn = fig 
31 . 17'. 1 8", the angle 2nr = 48 . 19'. 47", and ihe IO - 
angkPmr^y.V.ifi tofiitdPQ. 



*3 



The 
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The angle S«i^ = i8o q — 48^. 19'. 47"-= 131*. 40*. 
13", and the angle rnQn= 180 - 31?. 17'. 18"- 131 . 
40'. 13^= i7 p . 2'. 29"; hencc ? by Prop. 75. and 
Art, 49, 52. 

Ar. co. fin. 17°. 2'. 29-- - -„ - 0,5330398 
fin. 31. 17. 18 - - t 9,7154561 
Ipg. 40 - - - - r t 1,6020600 



log. 7o,88£ = g» - T - ?>85055$9 

fin. 48 . 19'. 47" — r 7 9,8733108 

log. 70,885 ----- i^8 505559 

log- $z,95 = 2r - - - 1,7238667 



Ar. co. ten. 31*. 17'. 18" - r ? 6,2162888 

tan. 7. 8. 17 - - - 9,0977123 

lo g* 5 2 >95 - ' - r - * i,7*3 866 7 

log. io,9ii=Pr - - - 1,0378678 



«• 



Hence, P2 = 52,95 + 10,911 =63,861. 

fig. Ex. 8. Given AB= 117 yards, the <mgle CAB = 
11 m 70 . 18', the angle CBA=$o°. 21', the angle DAB ' = 
47 . 51', and the angle DBA = 104°. 17'$ to find CD. 

The angle^C5 = 1 8o°- 70 . 1 8' - 50 9 . 2i'= 59?. 2 1', 
N and ADB= i8o°-47-°. 51'— 104 . i7'==27°. 52'$ alfo, 

X)jBC= 104 . i/ - 5°°- *i.' = 53°- 5 6 '* h W> b y 
Prop. 15. and Art. 49. 

v • *■ Ar. 
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Ar, co, fin. 59 . 21' ----- 0.0653514 
fin. 70. 18 -/■- - - - 9,9738067 
log. 117------ 2,0681859 



log. i28,04=2?C 



2,1073440 
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Ar. co. fin. 27 . 52' 
fin. 47. 51 - 
,log. 117 - - 



- 0,3302968 

- 9,8700470 

- 2,0681859 



log. 185,58=51) - - - 2,2685297 



Now the angles BCD + 5DC = 180°- 53°. 56'^? 
126°. 4'j hence/ by Art. 135, 185,58 + 128,04= 
313,62 : 185,58—128,04=57,54 :: tan. 63 . 2' 
(1,126°, 4') : tan. i(BCD-BDC)i 



I / 



Ar. co. log. 31.3,62 

. log. 57»54 - 
tan. 63°. 2'. o" 



7»5°35963 

x >7599 6 99 
? 0.493459° 



tan. 19. 49. 4$=*i(BCD- BDCJ 9,5570252 



'>■■■■*■ 



Hence, 63°. 2' + 19°. 49'. 45" = 82°. 51'. 45" =*the 
angle B CD, and 63°. 2'- 19 . 49'. 45" =43*. 12'. 15" 
= the angle BDC, And by Prop. 15. and Art. 49. 



M 



s 
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Ar. co. fin. 82V51'. 45" - - - 0,0033785 

*"?. 53. 5 6 ? ° "- - - 9>9°759°* 
log. 185,58 .... 4,2685297 

/ 

1 ■. — 

log. 151,18^ - - - "-. 2,1794983 



Thiis we may find the length and pofitiQn of any 
line which is inaccefiible. 



Ex.9. Given the angles CAB, CBA* DAB, DBA, 
a$ in the I aft Example ', and the diftqnce CD ==200 yards \ 
to find AB. 

By Prop. 22. affumc AB of fome value, fuppofe 
1 17 yards; then, by the laft Example, CD 2=151,18 
yards; but it's true value is 200; hence, 151*18 : 
200 :: 117 : the true value of AB\ l^y Art. 49. 
therefore,' 

Ar r co. log. 1.51,18 - .--"-,. ^,8205016 
log. 200 - - - - - 2,3010300 
log. 117 2,06*81859 

I 

■ ' ■ I ■ * 
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Ex. 10. Given the three fides of a triangle 40, 50, 
and 60 ; to find ifs area. 

By Articles 139, 4, 7, the operation by logarithms 
is as follows : 

■ «» « 

.4° 

5° 
60 

Sum 150 v * 

I Sum ^5 - * - - log. 1,8750613 

(35 - -. * - log- i»544o68q 

3 Rem'. 2$ - - - - log. 1,3979400 

(15 - - - - log. 1,1760913 

' \ 

V 

2 )5>993 l6 ° 6 



ahtoa^M 



Area = 992,1569 - - - log. 2,9965803 
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Prop. XXIV. 

JL\0 exprefs the powers of the fine of un arc, in terms of 
the fine or cofine of fhe multiples of the arc, afjuming radius 

150. From Art. 107. if we make B=A, we get 
finT3*=f-icoC2^ 

Multiply each fide of the laft equation by fin. A y 
and we have, fin. A 1 — f fin, A^\ cof. zA x fin. A\ 
but (105) § cof. 2^xfin. ^ = J,fipi. $A-i Rn.Ai 

hence, fin.^* = f fin. ,4— J fin. $4 + \ fin.^f = | fin.yf 
- J fin. 3/f. 

Multiply the laft equation by fin. A r and we have, 
fin. A 4 = I fin. ^ - J fin. 3 /tf x fin. A j but (by the 
firft ftep of this Propofition) \ fin. .4* =.§.-.§. cof. 2^; 
and (107) \ fin. 3^x fin. A=\ cof. 2-4--J..cof. 4^> 
hence, fin. ^ = 4- \ cof. 2^—4 cof. 2-4+ \ cof. 4-4 
==t~t cof. zA+i cof. 4-4. 

In 
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la like .manner we piay proceed as, far a$ we pleafe, 
by multiplying the laft equation by fin. A> and then 
refolving the products on the right hand fide by Art, 
105. and ip7-j fyenq?, we get, 

fin. A—fin^A* 
fin.yf =|-1 cof. 2A. 
fin. 4 3=: |fin. A— \ fin. $A. 
ijn.^tf =4-4 cof- 2^+4 cof. 4/f. 
fin. ^ = 44 fiyi. 4-4* An. 3^+tV fin. 5^, 
fin. ^ =44 - 44 cof, zA+^tt cof. 4^- ^V cof. 6/f. 
Jin. A 1 = -|4 fin. ^- 44. fir*. 3^+^. fin. 5^-^ ^ fin. 7 if. 
&c. &c &c. 

The lavy of continuation is manifcft; the odd 
powers are exprefled in terms of the fines, and the 
even powers in terms of the cofines, of the multiples 
of A\ the figns of the terms are alternately + and - ; 
the numerators of the coefficients, reckoning from 
. right to left, are the coefficients of a binomial whofe 
power is the fame &s that of fin. A> except in the even 
powers, where that term in which A does not enter, 
has the numeratorof it's coefficient only one half of 
the correfponding coefficient of the binomial; and the 
denominators are that plower of % whojfe index is le(s 
py unity than that of fin. A. x 

Prop. XXV. 

1 

To exprefe the powers of the cqfine of an arc, in terms 
, of the cqfine of the multiples of the arc, fuppoftng radius 
= 1. 



9 1 - 



151. From 
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151; From Art. 106. if we make B^A 9 we get, 
c50* = f + § cof, z^. ** 

Multiply each fide of the laft equation by cof. A t 

. and we have, cof. A = J cof. ^ + 1 cof. 2^x cof. ^; 
but (106) \ cof. z^x cof. A= I cof. 3-^+ j cof. A; 

s 

hence, cof. A =' £ cof. ^ + J cof. 3 A + } cof. ^ = 
i cof. A + l cof. $A. 

Multiply each fide of the laft equation by cof. A 9 
and we have, cof. ^= J cof. jf+ f cof. $A x cof. ^; 
but (by the firft %p of this Propofition) f cof. A* = 
|+4 cof. 2 A) and (106) j cof. 3^x cof. ^=4 cof. 4 A 
+4 cof. 2^; hence, cof. ^ = 4+4 cof.2^+4 cof. 4^ 
v + 4. cof. 2^=4 + 4 cof. 2^ + 4 cof. 4^. Thus we 
may proceed as far as we pleafe, by multiplying the 
laft equation by cof. A, and refolving the produ&s oa 
the right hand fide by Art. 106; hence, we get, 

cof. A = cof. A. 

coO a =i + icof. zA. 

^O* = I cof. A+ i cof. 3 A. 

C0fj 4 = 4-+T C ° r - 2^ + T Cof. $A. 

cof.^^x^cof.^+TVcof.s^+T^ cof. $A:- 
coO 6 = 44 + 44 cof - 2 ^+ A cof. 4 A + ^ cof. 6 A. 
' ^0 7 =-l4cof^+44cof.3^+^cof.5^+^.cof.7^, 
&c. &c. &c. 

The law of continuation is the fame. as in the laft 
Propofition, only all the terms are here pofitive. 



i 



* 
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> 

Prop. XXVI 

ToconJlruEl a Table of fines y cofines? verfed-Jtne$ y tan- 
gents, cotangents? feqants % and cofecants, for every minute 
ef the quadrant. 

152. If z be the arc of a circle, whofe, radius =i, 

it's fcie =3 - — + - &cv (Prk. Flux. 

2 -3 2.3.4.5 l 

Prop. 103. ; \ hence/ the arc — the fine ±s 



z' 



,z 5 



^•3 

+ &c. Now if the femiperiphery 



2.3.4.5 

3,14159265358979 &c. be divided by 10800 (the 
number of minutes in 180 ) the quotient is 
0,000290888 &c. the length of an arc of i minute. 
If therefore we fubftitute this value for s, it will be 
found that th£ difference between the arc of i' and 
it 5 s fine is 0,0000000000041 very nearly ; therefore 
we may affume 0,000290888 the fine of 1'. 

Or, the fine of 1 minute may be obtained thus* 

By Prop. 4. if a be an angle, fin. | a ==%/* ver * fi n « a * 
Now if = 30°, {hu*:=! (91), and (76), cof. 30*= 

s/i - i = ^-^5 hence (77), ver. fin. 30°= 1 — ^-3 



\ 



= IT^I • therefore fin. 1 5° = a/ IZ^l . Find 

2 4 

the cofine, and thence the verfed-fine of 15"; hence, 

we get the fine of 7 . 30'. Thus we may continue to 

bifeft the arc* and find it's fine; and after 12 bifec- 

tions we come to an arc of 52". 44'"* 3""- 45'"", whofe 

fine is known; but (as appears" from above) fmall 

arcs 



» 
/ 
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arcs are very nearly equal to their fines, and confe- 
quently will be to each other as their fines, very 
nearly; hence, 52". 44"'. f\ 45'"" : 1' :: the fine of 
the former : the fine of the latter* Having obtained 
the 'fine of i\ find it's cofine (76), and then the 
fines of all the arcs above 1' may be found in the fol- 
lowing manner. 
fig. Let AP = a y PM=b, then AM±*d+b, AN=a+ 
4- 2 b i and by fimilar triangles, CMH y NPE, CM : 
CH :.< PN : NE, that is, 1 : cof. (a + b) :: 2 fin, b 
: fin* (a + zb) -fin. a\ hence, fin. (a + 2 b) = 2 cof. 
(a + b) x fin. £ + fin. a. Let therefore b—\\ a=o'j 
x\ 2', 3', 4'j &c. and we have, 

1 fin. 2'= 2 cof i'x fin. 1'. 

fin. 3'= 2 cofi 2'x fin. I'+fin. 1'. 
fin. 4'= 2 cof. 3'x fin. I'+fin, 2'; 

And in general, 



fin. w'=2 cof. «- i'x fin. i'+fin. n- z'. 

Hence, the firte and cofine of 1' being known* ivd 
get the fine df l' y therefore wd can find it's cofine 
(76); hence, we get the fine of 3'; proceed thus; 
and find the fine and cofine for every minute of the 
ait up to 30°. 

Now by Art. 104. fin. ($o° + B) = cof. 1? — fin; 
(30*— B) * Kike therefore #=1', 2', 3', 4', &c. ami 
we have. 

fin. 30*. i'=cof. I'-fin. 29 . 59' 
fin. 30. 2 =cof. 2 - fin. 29. 58 
fin. 30. 3 2= cof. 3 - fin. 29. 57 
&c< , &c. 

Find^ 
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Find, ip this manner* all the fines, and thence all 
the cofines (76), as far as 45 ; hence, we h&ve found 
all the fines and cofines as far as 90*; for (66) the 
fine and cofine of an arc above 45 are refpedtively 
equal to the cofine and fine of an arc^ as much below 
45 , one of thefe arcs being the complement of the 
other; that is, the cofine of 44° = fine of 46°; the 
cbfine of 43° = fine of 47 ; &c. Alfo, the fine of 44° 
= cofine of 46*; the fine of 43°— cofine of 47*; &c. 
N Having determined the fines and cofines for all 
the arcs: to 90 , we get the verfed-fines (77). , Find 
(78) the tangents up to 45 ; v and then the tangents 
from 45 to 90* may be found, by addition, by the 
following theorem: Tan. fotf + B) =tan. ^45° — jB^ 
+ 2 tan. 2B* ; by writing therefore for B 9 1', 2', 3V 
,4', &c. we get the tangents- of 45°. i', 45 . 2', 45V3', 
45?. 4', &c. up to 90°* And having got the tangents, 
the cotangents are known, the. tangent of an arc be- 
ing the cotangent of the complement of that arc 
(72); thus, the tangent of 50° = the cotangent of 40°. 

By Prop. 8. if A = an arc, cofec. 2^=f (\axi.A+ 
cotan. A) 1 if therefore We take A=n\ %\ 3', 4', &c. 
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we 



• By Prop, 10. if Jzz^°, Tzzi; axui we have, tan. (45* +5) 
rr-Jt-, ^d tan. (45 — 2?) = — - ; therefore, tan. (4 5 4 2?)— 

(118) J % tan. zB; hence, tan, (45 # +2?)=:tattr. (45 — *l?)+a tan. 

Q.B. 

\ 

m \ 

If Bzz 45 , we have, tan. 90° r: 2 tan, 90°, which is another 
iitftance of a. falfe conclusion arifmg from the fuppoiition that an arc 
of 90 9 has a tangent. 
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we get the. cofceants of 2', 4', 6', 8', &c. by taking 
Balf the fum of two known quantities; and the cd- 
fe<&h$ of 1', 3', 5', 7', &c, may be very readily found 
by interpolation. And the cofecants up to 90° being 
found, the fecants of the fame arcs will be known, 
the fecant of an arc being the cofecant of it's com*' 
plement (73) ; thus, the cofecant of 35* is the fecant 

Having obtained the natural fines, cofines, &c. if 
their logarithms be found from the common Tables 
of logarithms of the natural numbers, and 10 be 
added to the index, you have the logarithms of the ' 
fines, cofines, &c\ as found m the Tables; for the 
logarithms are there fuppofed to be logarithms of the 
fines, cofines, &o to radius 1 0000000000. 

In computing the Tables of quantiues„to any num- 
ber of figures, to be put down, the computation 
fliould extend to two figures more, ,in order to put 
down the laft figure to it's neareft value. Thus, if 
it bcrequired to put down feven figures, you fliould . 
compute to nine figures, and then the two laft figures 
will always fhotir the neareft to be put down in the 
feventh place; thus, if thfe computed value be 
847962356, it*s neareft value to feven figures is 
8479624- If the figure in the eighth place be not a 5, 
eight figures will be fufficient ; for if the eighth figure 
be above or below five, the figure in the feventh place 
mull be a unit above or below the value found in the - 
computation. 
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Prop. XXVII. 

Given an are z 9 to find ifs fine and cofine in tertfis of 
the tmpojfible quantity |/— i. . 

* \ s 

• m 

) 

153. Put x = cof. of the arc z, and let radius be 
unity; then z - ; - , therefore Zy/~^i = 

,-x^/Z^ £ '- 

~ y . 4 =•— 7===-, whofe fluent is 2 4/ — 1 = 

hyp. log. #+ \/x % — i ; put * = the number whofe 
h. 1. is unity; then (6) h. 1. <? = z ^/ _ j _ ^ ^ 

*+'%/#*- * >> •*• . * * l , aB # + \/#*-' * J tranlpofe # 
and fquare both fides, and we get"**" - ~* - zxe l 

-= - 1 ; hence, = x = rg^f* of 2?. 

2 

Alfo, #*= — : — , therefore #*— 1 = 

i -^ , and i — x * ss- 

4 

. — ■ ; hence, * *■■ ,^-i — = 

-4 *•-» 



v/i-**=^»of s. 



» j 



■ 1 



* 

154. Coiu 



9$ PLANE TRIGONOMETKV, 

154- Cor. 1. If for z we write nz, we get, 

* . ' 

Col. **=■ 



n i ■ ■ r , 



% 



Sin. nz = — 



fc^/-! 



Thefe expreflions for the fine and cofine of any arc 
z, or of it's multiple, in terms of imaginary quanti- 
ties, are of great ufe in phyfical Aftronomy; fee my 
Complete Syftem ofdflronomy, Vol. it. Art. 1147. 






e 
155. Cqr. 2. Becaufe cof. z= - 

And ^t- 1 x fin. * = 



z 

» . ■ ■■ ■Ml I f M H 



.\ cof. z + y/ — i xfin. Z=5^ 
And cof.'*— \/— 1 x fin.. *==*""* ~~ 
Hence (154)* 



- - ' QQf.z + Wixfin. z|*+cof.*— y/ — ix fin.zf 

2 



- . ,... .co£*+ \/ ^ 1 x fin,z| - coi.z- \/ - r x fin.z I - 
un.#* =— * — » — u — 7 — ' — . 

2 yT — I 



JV 



Prop* 



1 
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Prop. XXVIII. 
To exprefs an arc in terms of the fines of multiples of that arc. 

156. The hyp. log. of i +x=x- lx % +±x*— &c. 

And, hyp. log. of i + - =#~ x - f x~ % +-J. x~* - &c. 

x 



Now hyp. log. 1 + # - hyp. log. i + f J 

r 

= hyp. log. 1 +x - hyp. log. i + x + hyp. logi x (5) 
= hyp. log. x; hence, 

Hyp. log. xz=x- *"*- i (x*-x-*)+± (* 3 -;T*) - &c. 

Put * for xi then (6) hyp. log. x=*z\/ - 1 x hyp. 

e —e 



log. * = 2 \/ - 1 y hence, | z = 



2V^ — I 



2^/^T / T \ 2/^T / 



— &c. But (154) s= fin. 2, 

t 4= =fin. zz, i ~ e _ 

fin. 32* &c. Hence, | 2= fin. z-§ fin. 22+4 fin. 
33- &c. 

157. If we make z=an arc of 90 , then fin. iz $ 
fin. 42, &c. become =0, and fin. s = r, fin. 32= — 1, 
fin; 5«s= 1, &c. hence, an arc of 45°=? 1 - r+f "" ^ c ? 



.> - j 



a 2 



\ 



ty+. Co*, t. If kxz 



m 

we write *z, we get, 



CoC.z-i 



v_ + ^„- 



— f 



— r 



•-i 



Theft cspranoos for the 
or of irt multiple, in c 
of great ufe in pb 
Sjfiem ^f Afirtmomy, 




*J5 



Cot. i. Bectufe cof. z= "*" 



_ IH 



And v^— i x fin. *= 



< — e 



WOT-WVM 



^"- P»***»»-^»»<»-pi 



.•. cot «+^/~ ixfin. 2r=5^ 



Pu; 



'<£• 



"f 



And cof. x- >/- 1 x Gn. a=e~* v_I * 
(«S4). 



-8c« 



z 

, _ 'C 

J =1 
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DEFINITIONS, &c. 



■ \ 



Art.' ij8. A GREAT circle of a fphere is that 
Jl\ whofe plane paffes through the center 
of the fphere. A fmall circle is that whofe plane does 
not pafs through the center*. ' 

i $9.' Cor. Hence, all great circles of a fphere bi- 
fedt each other. For each pafling through the center 
of the fphere, the common feftion of any two, being 
a ftraight line (Euc. B. 31. p. 3.), muft be a dia- 
meter; and a diameter of a circle bife&s it. Hence 
the interfe&ions of the peripheries of two great cir- 
cles are at two points diametrically oppofite to each 
other, 

, v- -. • <- „ , r 

f 

N 160. A 

A 

M V 

' ■ . > 

• It will be proved in Prop, i. that every fcSion of a fphere h 
a circle. 

G 3 
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1 60. Afpberical triangle is formed by the arcs of 
three great circles upon the furface of a fphere. 
fig. 161. If ABDE be a great circle of a (phere whofe 
*5* center is C, and PCp be a diameter of the fphere per- 
pendicular to that circle, the points P, p> are called 
the Poles of that great circle. And if the fmall circle 
abed be perpendicular to PC, we (hall call P, ^, the 
Poles of that fmall circle. 

162. Cor. Hence, if the pole of a great circle be 
given, that circle is given ; for the circle muft pafs 
through the center of the fphere, and be perpendicular* 
to a radius drawn to it's pole.. And if the pole and 
one point of a fmall circle be given, that circle will be 
given; for the circle muft pafs through that point, 
and be perpendicular to a radius of the fphere, drawn 
to it's pole. " 

163. Great circles PJp 9 PFp, paffing through the 
poles P, p 9 of the great circle ABDE> are called Secon- 
daries to that circle. , 

1 64. When the arcs of circles are mentioned, they 
are underftood to be arcs of great circles, the radii of 
which are the radii of the fphere j for in ; Trigono- 
metry, the fines, cofines, &c. are always fuppofed to 
refer to arcs of equal radii. 

Pkop. I. 

Jnyfeftion abed of a fphere is a eirefe. ' 

165. For let PrC be perpendicular to a bed, tutting 
it in r, and join rd> Cd; then rd being perpendicular 
Co rC f we have rd= %/Cd % - Cr*j now Cr is conftant 
for the fame fe&ion, and Cd is alfo conftant, being 

the 
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'the radius of the fphere* hence, rd is conftant ; 
therefore the feftion is a circle, whofe center is r. 

166. Cor. Hence, Pd^s/P^+rd* is conftant; 
therefore all the arcs of great circles intercepted be* 
tween P and the periphery abed are equal (Eve. 
B. 111. p. 28.). ' . ' 

Prop. II.. 

The pies of a great circle are 90* difiant upon the furface 
of the fphere from every point of the periphery of that circle. 






167. For draw any great circle PFp y cutting the 
circumference ABDE in F f and join FC$ then PCF 
being a right angle, the arc PF— 90° (60). For the 
lame reafon, pF= 90°. 

168. Cor. Hence, if about two points upon the 
furface of a fphere which are 1 8o° diftant, two great 
circles be drawn, they will coincide. 

Prop. III. 

The periphery of a fecondary is at right angles to the 
periphery of it's great circle, at the point of their inter* 
feftion. 

169. The diredion of the periphery of a circle at 
any point being the lame as the dire&ion of a tangent 
at that point, the angle CFP is a right angle (Eire. 
B. in. p, 16. Cor.)? alio, PCF is a right angle $ 
and the wccPF is in the plane FCP\ therefore the 
direction of the periphery PF at F rnuft be parallel to 
PC (Eire. B. 1. p. 28.) ; but PC is perpendicular to 

g 4 . the 
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the circle ABDF\ therefore PF at F is perpendicular 
to the circle ABDE (Euc* B. xi. p» 8*); hence, the 
arc PF at F is-at right angles to AF at F (Euc. B. xi. 
Def. 3. and p. 13.)* * For the fame reafon, PAP is a 
right angle*. ... r 

170. Coi. 1. Hence, and by Art. 167, if a great 
circle PFp be perpendicular to ABDE, and FP> Fp, 
be taken each =90°, P, p are the poles of ABDE. 
And if any two great circles PAp, PFp, be perpen- 
dicular to ABFD, they meet at the poles P, p, of that 
circle. 

171. Cor. 2* As PAp, PFp, are perpendicular 
to ABDF, if AE = 90 , E is the pole of PAp 5 x and 
if FH=$o% H is the pole of PFp ? andfince AEsz t 
FH; take. FE. from each, aod we have EH=-AFi 
that is, the poles of two great circles lie in a great 
circle which is . perpendicular to each of thofe great 
circles >, and' thediftance between the poles is equal 
to the diftance between the two great circles d?fcribed ' 
about them, meafured upon a great circle perpendi- 
cular to them t. 

• ■ • 1 

Prop. 



* \ 



• In fpherical Trigonometry, we frequently fpeak of one circle 
being perpendicular to another, in reference only to the peripheries 
of thofe circles, in which cafe, we mean that the peripheries are 
perpendicular to each other at their interferon. 

t -If PAp be the. equator, PFp the ecliptic, E and H their 
refpe&ive poles ; then the great circle EH patting through the poles* 
cuts the ecliptic and the equator at right angles, and pafles through, 
the tropic F; and EH the> diftance of the pole's is equal to AF ■ the % 

fun's greateft-decliaatioiiy 



i 
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1 
f • • 

• 1 

Prop. IV, 

If two points . be ajfumed any where in the periphery of 
a great circle \ and another point be ajfumed at the dijiance 
of go from each of thofe points \ that point muji be one of 
the poles 'of that great circle. 

172. Let G, F be any two point? in the periphery 
of the great circle ABDE, the poles of which are 
P, p; and if pofiible let Gx = Fx't=$o*. Join #£; 
then as Gx = go° 9 GCx is a right angle; and as Fx 
= 96% FCx is a right angle ; therefore x C is perpen- 
dicular to GC and FC; hence, it is perpendicular to 
the plane GCF (Euc. B. xi. p. 4.); \mtpC is per- 
pendicular to the plane GCF; therefore x muft coin- 
cide with p, otherwife two lines would be perpendicular 
to the fame plane at the fame point, which is imppffi- 
ble (Euc. B. Xi. p. 13). It muft however be ob- 
ferved, that there is one exception to this, which is, 
when the two a/Turned points are diametrically oppo- 
fite, or when GF= 180% in which cafe, the two cir- 
cles defcribed about F and G as poles will coincide 
*(i68), and therefore every point in that circle is 90* 
from F and G (167). \ 

V 

i- . . . , 

Prop.. V. 

The angle formed by the peripheries of two great circles 

'on thefurfaceof afphere 9 is equal to the angle formed by 

the planes of thofe circles ; and is meafured' by the arc of 

a great circle intercepted between them, defcribed about 

their inter feRion as a pole. , 

173. At 
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173* At P the peripherics FP 9 AP 9 are perpendi- 
cular to the common interferon PCp of the planes 
of the circles, therefore the angje FPA is the angle 
between the planes (Euc. B. xi. Def/6.); and as 
FCyAC zrt alfo perpendicular to PCp in the planes 
PFf 9 PApy they are reipe&ively parallel to the direc- 
tions of the peripheries FP 9 AP 9 at P (Etrc B. i. 
p. 28.) ; therefore the angle FCA is equal to the angle 
at P formed by the peripheries FP r AP (Eire. B. xi. 
p. 10.); and the angle FCA is meafurcd by the arc 
AF 9 which is the arc of a great circle whofe pole is ,P. 
For the fame reafon, the angle ApF is equal to ACF. 
Htncc 9 APF=ApF. 

174. Cor* x. Hence, when two planes mtexfcA 
each other, their inclination is every where the fame; 
for wherever C may be affomed* FCA is, in like man- 
ner, proved equal to FPA. 

175. Co*. 2. By Art. 171. the arc AF meafures 
the diftance of the poles of PAp y PFp ; therefore the 
diftance of the poles of the two great circles meafures 
the inclination of the planes of thofe circles* 

176. Cor. 3. If the fmall circle abed be parallel 
to ABDE 9 the arcs ad> AF, comprehended between 
the great circles PaAp 9 PdFp 9 contain the fame num- 
ber of degrees. For the angle ACF = ard (174). 
Hence, the arc ad is in proportion to the angle APF, 
for the angle APF=ACF 9 which is meafured by AF, 
which contains the fame number of degrees as ad. 

177. Cor. 4. Let PeGp be another great circle , 
thetfi ad \ae :: L.APF : LAPG (176); .conceive 
now the circle abeeda to move from P to p 9 . then ad 
1 ae always in the fame ratio j therefofe, by compo- 

fition, 
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fition, the fum of all the ad's : fum of all the a£s 
in the fame ratio; that is, the area PApFP : area. 
PApGP :: £-APF : JL4PG. 

178. Cor. 5. As the fedtors ard, ACFzre fimilar, 
AF : ad :: AC : ar: rad. :: fin. aP (62), or 
cof. A a (66) . Hence, as AF meafures the angle 

APF, we have APF^ Y -~~^c6^ . aP x ad (83), 

. r ... * * tr j fin. */> x APF 
it radius be unity* Alio, ad= V ■ 
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Prop. VI. 

« • 

Tfo y«»i gf tf«y /wo j^i&f gf fpherical triangle is 
greater than the third Jide. . 

179* Xet ABG be a (pherical triangle, O the center no. 
of the fphere, and jqin AO % BO, CO j then the three 2 4- 
angles AOB* BOC> CO A form a folid *ngle at O, of 
which three angles, the fum of any two is greater 
than. the third (Eoc. B< xt. plxo.); but the arcs 
AB y BC 9 CAy are the meafures- of thefe .three angles 
rdpedively; hence, the funn of any two of ihfefc arcs 
is greater than the third. 

i&o. Cor. As AB+BC i& greater than AC, by 
taking BC from each, AB is found to be greater than 
AC-BC-, that is; any one fide is greater than the 
- difference of the other two fides. 



1 . - < 



Prop. 
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Prop. VII. 

' Only one great circle can he drawn through two given 
points on the. furf ace of a fphere. . ' 

1 8 1 . For a great circle muft pals through the center 
of the fphere, arid three points determine the pbfitioa 
of a plane. 

182. Cor. Hence, a great circle cannot be drawn 
through more than two points any how aiTumed. But 
a fmall circle may be drawn through any three points 
on the furface of a fphere, becaufe a plane may be 
drawn through any three points. 

Prop. VIII. 

If two fpherical triangles have two fides of one equal 
to two fides of the other, and the' included angles equal, the 
two triangles will be equal. 

• . i . . . * 

183: -The proof of this is the fame as that for 
plane triangles in Euc. B. 1. p. 4, except that the 
third fides are here prdved to coincide by the laft Pro* 
pofition. 



i j 



Prop. IX. 

• . .. • ■ 

In an ifofceles fpherical triangle* thevqgles oppofite to the 
equal fides are equal. 

184. The proof of this is the fame as that for 
plane triangles in Eire. B. 1. p. 5. ufing here the 

preceding 



SPHERICAL TRIGONOMETRY. %QQ 

preceding Propofition, inhere Euclid ufes his fourth 
Propofition. 

i8£. Cor. Hence, an equilateral triangle is equi- 
angular. ' 

Prop. X. ' 

Ifafpherical triangle have two angles equal, the fides 
oppofite to theje two angles will be equal. 

1 86. The proof of this is the fame as that for 
plane triangles in Euc. B. i. p. 6. 

Prop. XI. 
Any fide of afphefual triangle is lefs than 180 degrees. 

/ 1,4 

187. Let ABC be a triangle, and produce AB, AC fig. 
to meet at D, then ABD, ACD 9 are each 180 (159); *<>• 
therefore AB 9 AC 9 are each lefs than 180 . If CB> 

CA be produced to meet, it appears in like manner 
that CB is lefs than 1 8o°. 

Prop: XII. 

The fum of the three \fides of a fpherical triangle is left 
than 360 degrees. 

1 88. For AB + BD+ AC+ CD =ABD +ACD = 
,360°; but BD+CD is greater than BC; therefore 
AB+AC+ BC is lefs, than 360 . 



Prop. 



- / 
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Prop. XIII. 

In anyfpherical triangle, the greater angle is oppofite to 
the greater Jide. 

fig. 189. Let ABC be a triangle, having the angle 

l 7* ABC greater than the angle A y and make the angle 

ABD=A; then AD=DB (186); add DC to each, 

and AC = DB+DC, which is greater than BC (179). 

Prop. XIV. 

fig. In any fpherical triangle ABC* ifAB + BC be equal 
toy greater , or left than 180 degrees, the internal angle A 
wiU be refpeEUvdy equal to, greater, or lefs than the ex- * 
ternal angle BCD', and A+BCA will be refpeEtively 
equal to, greater, or lefs than two right angles. 

190. Fhfi, ifjtt+SC=i8o*=^5A then5C= 
BDi. hence fi84), BCD=BDC=;j* (173). 

Secondly, if JB+BC be greater than ^5Z>, then 
BC is greater than 5Z>; hence, BDC, or yf, is greater 
than BCD (189). 

TMy, if AB+BC he lefs than ABD, then £C is 
k& than. BD ; hence, #/>£, or A, is lefs than BCD 
(189). 

1 

Again, the angle BCD+BCA s= 2 right angles; 
hence, 

Jtyfr, if ^5 +5C= i8o*=/*&D, then BD = BC 9 
and (184) BCD=BDC=A (173); therefore ^+ 
BCA^z 2 right angles. 

Secondly 9 
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Secondly, XAB+BC be greater than ABD 9 then BC 
is greater than BD 9 and (189) BDC, or A y is greater 
than BCD; therefore A+ B CA is greater than two 
right angles. 

Thirdly* if AB+BC be lefs than ABDy then BC 
is lefs than BD, and (189) BDC, or A, is lefs than 
BCD , therefore A+BCA is lefs than two right an- 
gles. 

Prof. XV. - 

If in a fpkerical triangle ABC 9 about the thee , angles fig, 
A y Bj Cy as poles y the great circles 2R 9 PRy P2, fa de- I 9* 
fcribed, the fides of P2R will fa the fupplements of the 
Angles ABCy to which they are oppofite\ and the angles 
ofP2R will fa the fupplements of the fides of ABC to 
which they are Qppqfite. 

* 

191. For produce the fides of ABG y to m y n % s 9 r„ 
*Uy w. Now as A is the pole of 2U, ^2 = 90% and 
as C is the pole of P2 9 C2 = 90° (167) ; therefore, as 
AC is lefe than 180* (187), and A2 and C2 are each 
96% 2 is the pole of AC (172). For the like rea- 
fon, P is th$ pole of BC f and R is the pole of P4&. 
Hence, 2/0 = 90% and Pr = 9o°; therefore 180* = 
2m+Pr=z2nt+Pm+mr=z2P+mr; but mr is the 
irieafure of the angle ,ACB (173) ;, therefore P2 is 
the fupplement of ACB. For the like rcafon, PR is 
the fupplement of ABCy and 2R is the fupplement of 
BAG. 

Again, Cr= 90°, and Bs—^ 9 therefore i8o°= 
Cr+Bs=Cr+Cs+BC=rs+BC; but rs meafures 
the angle P (173) > therefore the angle P is the fup» 

plement 



\ 
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pigment of BC For the like reafon, the angle 2 is 
the fuppfement of AC, and the angle R is the fupple- 
ment of AB. 

i 
Prop. XVI. 

The fum of the three angles of a fpherical triangle is 
greater than two, and lefs than fix right angles. 

\ 
i 

192. For (191) 2P + mr + 2R+vn+PR + ws = 
, jx i8o a = 6x 90 ; therefore mr+vn+ws, or (173) 

Z.C+z.^+Z.5, is lefs than 6x90°; but QR + QP 
+PR is lefs than 4X 90 (188); therefore mr+vn 
+ ws, or £-C+ £-A+ £-B; is greater than 2 x 90 . 

Prop. XVIL 

The fum of any two angles of a fpherical triangle is 
greater than the third angle, by a quantity which is always 
lefs than 180°. 

193. For (191) iZo°-P=BC 9 i8o°-2=^C, 
180- # = .45; therefore (179) i8o°-U is lefs than 
360° - P- 2 ; add P + 2- 180* to each, and we find 
that P+2- R is lefsthan 180V 



Prop. XVIII. ; 

• ■ i 

In a right angled fpherical triangle, the fum of the two 
angles at the hypothenufe is greater than 90% and lefs 
than 270 . Alfiy the difference of the two angles at 
the hypothenufe is lefs than 90*. 

194. For 



c 
c 



c c c - 
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194. Far if BAG be a right angle, 2jR = 9o ; 
therefore (179) P3 + PR is greater than 90 , and 
(180) lefs than 270 ; but i>R, P2 are the meafures 
of the angles B, C\ therefore B+C is greater than 
- 90°, and lefs than 270°. Again, A + B - C is lefs than 
X 8d* ( 1 93 )s but A =^90% therefore B — C is lefs than 90% 

Prop. XIX. 

The exterior angle of a fpherieat triangle is left than 
the fum of the interior and pppojtte angles. [ ' ' - 

• * I * a ' 

« 

195. For the angle 5C^'+£CZ) = 2 right angles; FIG * 
but BCA+CBA+CAB is greater than x right angles l6 * 
( 1 92) ; therefor* B CD is lefs than CBA + CAB. 



Prop. XX. 

JfPbe the pie of a great circle BCDEB, and A be * lc 
any point of tie great circle EPB between E and P, and l ' 
from At arcs of great circles be drawn to BCDEB; then, 
ofthefe arcsy APB is the greatefi j AE is the leafi $■*• and 
. if the arcs AC t AD, that is the greater which lies nearer 
to APB. ••■'•*•■ 

196. Join EB, and it paffes through the center O 

(r$8), and draw A2 perpendicular to EB, and join 

QC, 2D, AC, AD, AE,AB. Now QC is .greater 

than 2D (Euc. B. hi. p. 7.)* » nd &* beiog<om* 

Irion to tlie two right angled triangles A2Q, A&D> 

the hypothehufe? At is greater thaa^JD (Eirc.iJ. 1. 

p. 47) y therefore tlie arc AC is greater thatt.v4D» In 

like mttoher; ' is*2# Is the gteateft and &£ th*4«# ' 

line that can be drawn to BCDE (Ejrc* &m^% '' 

* H ^* 



' I 
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: AB is tbc greateft chord, and AE the leaft* therefore 
APB is the greateft arc, and AE the leaft. 

197. Cor. 1. If one leg of a right angled fphc- 
rical triangle be greater than 90°, it is greater than the 
, hypothenufe ; and if it be lefs than 90% it is lets than 

. .the hypothenufe. For ABC U a fpherical triangle, 
right angled at B (169) ; and A B is greater than 90% 
and alfo greater than AC (196). Again; ARC is a 
fpherical triangle, right angled at E; and AE h l$fe 
than 90% and it is alfo lefs than AC (196}. 

198. Cor. 2. If one leg of a right angled fphc- 
. rical triangle be greater than 90% as you incrcafe the 

other leg you diminish the hypothenufe ; for in the 
triangjp ABC, as BC increafes, AC decreafes. But 
if one leg be lefs than 90% as you incrcafe the other 
leg you incieafe the hypothenufe ; for in the triangle 
AECy as EC increafes, AC increafes. 

• * V * 

• v., • W v« ..» t Vi . • •» 1 
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/.'• Prop. XXI. 

1 In aright, angled fpherkal triangle , 4h/{ legs are tftHe 
jM&afl&hotts.fiS the .atyofle angles y that h % if the legs be 
greater or lefs than quadrants, the angles oppofite to them 
will be greater or lefs than right angles. 

. , . j 
fig. a; i$£, : Jjet the angle BAC be a x right angle; and AC 

2 °* .b& a* gtwdr^tf t ; then C is the pole of AB (170), and 

4he ju^fc£?4 is a right angle (169), Hence, ip the 

.fi^lslipgfed^fiangle BAF* AF is greater than a <jua- 

,4n»m,;>JWil,the9ppofite angle irf^ is greater than a 

xrlghtdLftgtefiandjn jthe triangle AA<^AQ\f lefs than 

'4U H 10 °* C°*' 



I 



the tfppofite itegle is a right angle- for the ttiangte 
ABC i&s the leg AC a <fttadrarit, aftd the ©profit* 
~angle^j?C tea right angle, , . . 



*7 



. ^ 
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lftketyt^ «r flfe angles at tke kypothstofa of fright 
anglU' fpherifdi tri*ngJe> hi* of tie fonte 4 *ff4GkH$,itMe 
iypotkenufe is' Ids /A** d quadrant; mfiiftfetegs tie if 
dffiemti atfe&f&nsl ike hypothenufc 1/ greater M<»r<r qu*- 

» 

. - t • • f r 

2Qi. Let A be a right angle, and produce \*fB, i#F 
to meet at D; then D is a right angle (173) ; take 
AP-z quadrant, %$&- joiij PC; then P is the pole 
of ACD (170), and P6 f is a quadrant (167)5 $lfo> 
C being the pole of ^J8 ^o),* BC [*k. £ cfaidfcnt. 
ftdwlfi 1 the* right aftgted triangle AB G> ilxeUgjfB, •* 
A&\& each/^/J than a quadrant, and' the hypotlie- 
nufe BG islefs than a quadrant, being lefs than SC 
(196); and in the right angled triangle JDBG 9 DB 9 
*DGt aSfe'each greater thin a quadrant^ irid BG h lefs 
than a qiiadrint. Agairif, iri the right' ahj^cfr triangle 
Jfflfj : tte J Wg *18 * i#r, and AFi% grtatet than a 
quadftant, sihd the hyptocheAtife bF lighter thah a 
fjuadrarit; Htthig* gteatd* than BC. Nfiw 1 <fi* legs art 
of the time affeftioils as the oppofite arigfes (19$}; 
thereftrttf tfiofe lugfci tfe 6? the/aW eft i^faw/ af. 
lotions, tfce hypcrt!Wenuft WiU be/*/* ot £rt*tet thxnz 
r ^adranty* '■ • °" '• ■';" - : ,: ' -'' 

" f. : Tlfe r tS»rv^ of ttii ^ojfc^iort h 
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greater than a quadrant, the fcgs will be of the feme 
or differ end aflfe&ions; for if the hypothermic BG be 
lefs Jthan , a quadrant, B and G muft lie on the' fame 
fide of P and Ci. and if the hypothenufe BF be 
greater than a quadrant, 5 and F muft lie on different 
fides of P and C; becaufe the arc BG is lefs, and BF 
is greater than B C, which is a quadrant. 

203. Cor. 2. If onC leg AC be a quadrant, the 
hypothenufe J5C muft be a quadrant ; and converlely, 
if the hypothenufe BC—90; one leg, (AC) at leaft 
muft be =5 90?. When two legs AP S AC become qua- 
drants, the third fide PC is a quadrant, and each. angle 
j$ a right angle (185). 



FIG. 
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Prop. XXIII. 

• 1, • , 

The Jegnients BD, DC, of the bafe, and the fejpnents 
BAD, CAD of the vertical angle* are of the fame, or 
different qffeRtons, according as the fides BA, CA are of 
the fame, or different ajfe£lions. ';.<.<". 



• - .. » • ^ 

. 204. Pofcfiai) if JBD, «4Z>, be of the fame affec- 

tion k .£if k./^t than a quadrant; and if Z)C, ^D, 

Jbe. of the fame affe&ion, AC js left than a quadrant ; 

alio, tf.BD 9 'DA, be of different . affe&ions, &rf is 

greater than ^a cjuadr^nt , ^and M DC, DA, be of 

different*, affedions, ^C is £tw#r than a tjuacjrant. 

Therefore iiBjD, DC be $ $£.fame affe&ion, BA, 

jiGnxc of th? fame affediQR? .„Jtot if &D be of the 

fiune affe&ion as /?D, and DC of a different affe&ion 
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of different affedions, AB> AC are of different affec- 
tions. But (199) BD is of the fame affedion as 
BAD, and DC is- of the fame affedion as CAD\ 
therefore BAD, CAD are of the fame, or different a£ 
fedions, according as BA, CA are of the fame, or dif~ 
f event affedions. { 
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Prop. XXIV* 

/* any fpherical triangle ABC, if the angles ABC, fig. 
ACB pt the bafe be of tie fame affe&ion, the -perpendicular 2 1 , 
AD from the vertical angle upon the bafe, falls within the 22 - 
tye ; if they be of different affeftions, the perpendicular 
falls without the bafe. \ 

205. In the firft cafe, if AD do not fall within the 
bafe, let it fall without ; then the angles ABD, ACD 
are of the fame affedion, each being of the fame af- 
fection as AD (199) > but ACB, ACD are of different 
affedions, one being the fupplement of the other ; 
hence, ABD y ACB are of different affections ; but, by 
fuppofition, they are of the fame affedion ; therefore 
AD does not fall without the bafe. In the fecond 
cafe, if AD do not fall without the bafe, let it fall 
within ; then the angles ABD 9 ACD are of the fame- 
affedion, being of the fame affedion as AD (199)1 
but, by fuppofuion, they are of different affedions j 
therefore AD does not fall within the bafe*, 

The affedions of the fides and angles given in 
the preceding propofitions, will frequently take away 
the ambiguity which woyld otherwife arife in the 
{blu^on ©f fpherical triangles. 

h 3 zo6. Let 
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ao6. Let ^£5C be a right angled fpherical triangle* 
right angled ar#; produce i?C to 0, making ite = 90% 
ihen a is the pole of AB ( 1 70) ; anji with 4 *» a pole, 
defcribe the arc *£A meeting AB, AC (produced if 
neceflkry) in D and b ; then * £C is called the CompU* 
mental triangle to ABC. Now Ca is the complement 
ofCff; Cb is the complement of AC ; the angle Cab 
is meafured by BD C?73)t which is the complement 
of AB ; and ba is the cdmplement of bD, which mea- 
fures the angle A ( 1 73). Alfo, the angle a Cb*&ACB, 
and the angle abC is a right angle (169). And as 
the fine or tangent of an arc, or angle, is the cbfine or 
cotangent of their complement (66, 71), the fine or 
tangent of Ca, Cb, Cab, and ba, is the cofine or co* 
tangent of CB, AC, AB, and the angle A relpe&i vely ; 
and the cofine or cotangent of the former, are respec- 
tively -the fine or tangent of the latter. 



FIG. 
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THE SOLUTION OF RIGHT ANGLED 
SPHERICAL TRIANGLES. 

w . 

; / • • » 

207. Let ABC be a right angled Spherical triangle, 
Tight angled at B, O the center of the Iphere, and 
join -Ai^ BO, CO 1 then if we confider the plane 
OAB as coinciding with th£ plane of the paper, we 
•ijuft conceive the plane of OBC to be perpendicular 
to the fame plane. I>raw €F perpendicular to OB f 
and >Fm pei^ehdiiular tb the lame Kae, fa the 
plane OAB j then the angle CFm mcafuit* the iheft- 
*■ 1 • - - : ' > : nation 
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, aatidn of the planes OBC, 0&A iEvc. B. xi. Def. 6), 
therefore CFm is a right angle; hence, CF being per* 
pendicular to OFB and Bm, it is perpendicular to the 
tl)eplaneO£^(Euc. Rxi.p. 4.). Draw FR, BD 
perpendicular to OA, and join C£, aod it. will, be 
perpendicular to AO. For as CFE* CFO are right 
angles, CE*- pF* = CF* = CO % -OF % (Euc. B. 1. 
p. 47.); hence, CO* -C£* = OF* -EF % =OE\ there* 
fore CEO is a right ingle. Hence, as EC, EF are 
perpendicular to AO, the angle CEF'is the inclination 
of ,the planes AQC, AOB, and therefore the apgle 
QEF = CAB, (173). , Alfo, from the. conftruftion, 
CE is fine, and OE the cofine of AC; CF is the fine, 
and OF the cofine of CB-, and BD is the fine, and 
OD the cofine of AB; alfo, the fine, cofine and tan- 
gent of the angle CEF are the feme as thofe of CAB* ' 

1 Pro?. XXV. 

In a right angled fpherical triangle, rdd. : fine of the 
hypotkenufe :: fine of either angle at the hypothenufe : 
fine <f, it's oppofite leg. 

V 

208. For in the right angled 'triangle CFE, fad. : 
fin. CEF:: CE : CF (125); that is, alternando, rad, 
: fin. AC :: fin. CAB : fin. BC. ; 

In the very fame manner it may be proved for the 
angle C and it> oppofite fide \ For if B C had been 
made the bafe, C would have been the angle at it he 
bafe; confequently the angle ACB> and AB, would 
have entered the procefs, inftead of CAB, and BC. 
For the fame reafon, in any proportion involving the 
angle A, or C, and the fide AB, or CB 9 the terms 

H 4 having 
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having fimilai; relations may be fubftitutcd the one for 
the other. 

209* Cor. Letyf be an acute angle, then BC is 
lefs than 90* (199); and as radius is greater than 
fin. AC, except AC = 90, fin. A is greater than 
/ fin. BC, unlets ^C=90°; therefore A is always fequal 
to or greater than BC. Let A be an obiufe angle, 
then BC is greater than 90 (199); and of two arcs* 
greater than 90°, that which has the greater fine 
is the lefs angle (89); therefore A is lefs than BC 9 
.< 'unlefe ^C=90°.' Except therefore when the hypo- 
thenufe is 90% an acute angle is greater, and an bbtufc 
angle is lefs, than it's oppofite fide. 



Prop. XXVI 

In a right angled fpherical Mangle, rod. : Jin. of 
one leg :: tang., of the angle adjacent to that leg : tang, 
of the other teg. 

210. For rad. : tan. CEF, or CAB t :: EF : FC(\i$) 
tan. BC : rad. :: Ft : OF (i 23) 

* ■ ' 

.% tan. BC : tan. CAB v. EF : OF > 

::BDiBO(fim.xii.) 
:: fin. AB : rad. 
or, rad. : fin. AB :: tan! CAB : tan. BC. 

In like manner it may be provec} for the other angle 
and its adjacent and oppofite legs. 
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21 it General properties hf right angled fpherieal tri- 
Mgles. 

I. If one leg be greater than 90V it vs greater than 
the hypothenufe; if it be lefs than 90% it xileji than 
the hypothenufe (197). 

II. The legs are of the fame affe&ions as the op- 
pofite angles (199). 

JII. The twa angles at the hypothenufe are toge* 
ther greater than 90 , and lefs than 270 (194). 

IV. The difference of the two angles at the hypo- 
thenufe is lefs than 90 (194). 

V. If the legs, or the angles at the hypothenufe, 
be of the fame affedion, the hypothenufe is lefs than 
90% if they be of different affe&ions, the hypothenufe 
is greater than 90 (201). 

VI. ' If the hypothenufe =90% one at le^ft of the 
legs =90' (203). 

VII. If one of the angles at the hypothenufe be 
acute, it is greater than it's oppofite fide ; if it be o&- 
tufe, it is lefs than it's oppofite fide ; except the hypo* 
thenufe be =90%* in which cafe they are equal (208). 

Thefe properties are given by Dr. Maskelyne, 
without demonftration, in his excellent Introdu&ioa 
to Taylor's Logarithms. • a 

212. Lord Napier, the inventor of logarithms, 
difeovered two theorems, by which all the cafes of 
right angled fpherieal triangles may be folved. In a 
right angled triangle, befides the right angle, there 
are five other parts, namely, two angles, tfc two legs, 

and 
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fig. and the hypothenufc. Now the legs themfelves AB % 
^3- and BC* the complements of the two angles A ahd C, 
and the complement of the hypothenufc AC, he calls 
Circular Parts, as they follow one another round the tri- 
angle, thus; BC, comp. C, comp. CA> comp. A, AB; 
and if any cfne of thefc be made the Middle Party the 
two lying next it are called Adjacent Extremes; and 
the other two are called Oppofite Extremes. The fol* 
lowing Table (hows all the cafes. 



Cafes 



Middle Part 



AB 



Adjacent Extremes 

■ M ' > 

comp. A y BC 



BC 



comp. ^f 



comp. C 



comp. AC 



1 
comp. C 9 AB 



comp. -^C, ^2? 



comp. ACy BC 



cornp.C, comp.^ 



Oppofite Extremes 



comp. C, com* AC 



corny. AyQom. AC 



comp- C, SC 



comp. Ay AB 



>(MM«HfMH 



•*!*<. BC 



.*■ 



.! 



» 1 

This being prcmifed/ the two theorems are as 

follows: - * 

Theo. I, T&, re&angle under radius and Jine of the 

middle part = the refiangle under the tangents efthe adja* 

cent extremes* 

1 , ■ ■* _ 

Theo. II. T>te reSangle under radius and Jine of 

Ahe middle part ' = Mr reRangle under the cofines of the 

oppofite extremes. 



Th* 
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Tbe. following Table 'contains all the equations 
arifing from thefe theorems, put down in the order 
in which the parts (land in the foregoing Table. 



«*J 



.5 



AB 



BC 






jjJtocnp. A 






comp. C 



comp. AC 



r,x fin. AB 



{cot. Ax tan. J5C 
■£fin. C x fin.y^C. 



(fin. 



'.(cot. Cx tan. ^U 
y/ x fin. ^C 



MUM 



rx 



(fin. Cxcof. ££ 



- ~*r r» f c °t. AC x tan. BC 
r x col. G == -J _ _ ,. - ~ 

(im. AxcoL AB 



rx 



(cot. Cx cot. u 
cof.^C= J cof ^ 5xcof 



BC 



>yr 



I ■ > I II I H P M l.' 



\ 



\ 



' " DEMONSTRATION. 

^ k 

t 

• Cases 1,2. Afc& AB the middle part. 

In tbe trian&le ABC, we have, 
fin. AB : tan J?G :: ra<J, : tap^f (&jo) ;: com? • tad.(8a); 
Hence, rad. x fin. ^5*=cpt. A x tan. BC. 

Again, by Prep. 35, we have,, 

fad- * fin. C ?: v fin. *<C ; fin. *f£j 
Hence, ratf. x fin. *£fl a fin. C. x fin. ^ C. 

In 
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In like manner the theorems may be proved, if BC 
be made the middle part. 



/ 



Cases 3, 4. Make the complement of the angle A the 
middle part. 

In the triangle a bC 9 we have, 

tan. bC : fin. ab ;: tan. a : rad. (210); or, 

cot.^C:cof.^f::Cot.^B:rad.(2o6) ::rad. : tan.^jB(8z); 
Hence, fad. x cof. A= cot. ACx tan. AB. 

Again, by Prop. 25, we have, 

rad. : fin. aC :: fin. C : fin. ab 
or, rad. : cof. BC :: .fin. C : cof. A (206); 

Hence, rad. x cof. A = fin. C x cof. BC. \ 

In like manner the theorems maj' be proved, if the 
complement of the angle C be made the middle part: r 

Cas* 5. Make the complement of AC the middle part. 

In the triangle a Cb y we have, 
fin.£C : tan. a*:: rad. : tan. C (210) :: cot.C yrad. (82); 
or, cof. AC : cot. A :: cot. G : rad. (206) j 
Hence, rad. x cof. AC= cot. C x cot. A. 

Agsun, by Prop. 25, we have, 

rad. : fin. Ca :: fin. * r fin. iC 
or, rad. : cof. BC :: cof. AB : cof. ^fC (206); 

Hehce, rad. x cof A C= cof. j£B x cof. £c 

213. By 
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213. By fhefc equations,, all the cafes of right an- 
gled fphericai triangles may be folved ; for when any 
two parts are gw?n, to find a third* thaft is to be af r 
filmed the middle part, which* will make the other 
t*po, either adjacent extremes, or oppofite extremes. 
For inftance, ,if Aftund BC be givet^tofind 4* thpa 
" if AB be made the, middle parr, <BC %nd comp, A are 
the^ fdjacen t . extremes, and rad, x fin. AB =* cot. ^f k 
tan.2?£, as in the ^gft^afe. Or, without -tbe.oopfc 
deration of the rule, the equation may be wtnedi- 
atejy taken from the Table, by obferving whi${i equa- 
tion it is that contains the two given and the required 
quantities. For inftance, if AB and BC be given y to 
find AC\ , then, by Cafe 5* rad. x cof AC^'cqC AB 
x cof. BC; therefore (50) log* cof^C^log.; eofi AB 
+iog. cof. 2?C— 10, . And, in like manner, in any 
of thefe equations, the Jog. of one fe&or == the (urn 
of the logarithms of the two faftors on the contrary 
iide^r- the log. of, the fa&dr on the fame fide* or + 
it's-arithmetk complement — 10* (29); The value 
of. the unknown quantity is thgs immediately obtained 
from the equation, ^without reducing it to a proportion. 
The refolufion of the equation into an* analogy may 
be ufeful, when you want to fee the*relative values of 
the quantities. ' : - 

- 214. The ambiguous cafes (arifing from the value . 
of the required quantity being exprefled by k's fine) 
are, when a leg and it's oppofite angle are given, to 
find either of the dther parts. All other cafes, which 
from the fame circumftance would bfc ambiguous, 
have the ambiguity taken away, b^-fome of Hie pro* 
perties in Art. 211. 

:. -it: 215. If 



it$.~ If w*/ take the fupplemental triangle- to 
, ABC (191), otte fide of it will be a quadrant, &ftd 
this is called a quadrantal triangle \ aftdfts the fine, 
cofine and tangeitf of an arc, ^tre the faille in\ magni- 
tude as the fine, cofine and tangent of it'8 fupplement, 
the equations for the triangle ABC -Will all apply t6 
tC% fupplemental triangle. Hente, a quadrantal' tri- 
angle may be refolded by the above rules, coftfideritig 
the two angles adjacent to the fide of 90V t^ecdm- 
plement of the other angta, and the complements -6f 
the other two fides, as the circular parts. If therefore 
Fie, the ttiaftgfe 2 PS have the f^dfe ZS =90% we have : the 
*7* circular parts in their order as follows £ the angle Z 9 
camp* ZP 9 comp. P 3 cotap. SP, the angle S. Hence, 
n» Have- the following equations. • - : ^ • 



t m > nam *' 



■fc *' 



Zm 



I 



( • 



+*->r 



2 



£ ^'cottip. ZsP 1 



v "£ 



s 



comp. $P 



• r 

comp. P r 



***+ 



u+m*m*mmmm**+m 



r x fip.. Z 



' _ { tan, S'x 

" ^ r £fin,i>x 



>'■ " ■ 



xcdt 
fill. S/> 



**X fin. O v = <> . D r . 7 n . 

-|fio.<,x un: 4#> 



r ~* CianV -2 x cot. P 



■ < .Ml 



/-on f tan - $'xcot; P 
..rxcof.Si>=| dof Zxffn ,^, 



I.U. ' 



r x cof. i* x = 



\coU 5P x 4<X> ZP 
^co£ 5 x cof. Z 



«^. i ff M il iy ■! > < tp^NfMWN^if "Hi ' "V ** 



.3 ■ *. 
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When -any pwo parts are .given to find a.thkfcthe 
cafe may be immediately found by infpe&wn in the 
Table, obferving which -equation it is that contains 
the three parts. For inftanee, if SP and ZP be 
given, tqfiad the angle P f we have, in Cafe $, rx 
cof. jp= cot, SP x cot. PZ ; therefore lpg. cof. />=* 
log. cot. SP + log. cot. PZ- ib,. The ambiguous 
cafes are the fame here as in a right angled triangle, 
that is, when one fide and it's oppofite angle are 
given. In all other cafes, the anfibiguity is taken 
away by feme of the following propertied of quadrantal 
triangles. v 
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General Properties of a Quadrantal Triangle.* 



2f6. Call the angle oppofite to the quadrantal fide* 
the hypothenufal angle, the arc of 90* a quadrant* 

: and the other parts, limply fides and angles. 

1 *" 

I. If one angle be greater than 90% it is greaitr 
than the hypothenufal angle ; if lefi than 90% it is 
left than the hypothenufal angle. 

II. The angles are of the fame aflfc&ions as. the 
oppofite fides* .. 

III. The iwo fides are together greater than 90^ 
, and lef$ than, ifd*. ^! 

IV. The difference of the • two fides is lefs than 
9fo\ '-''•: l 

, V. If the angles, pr the?fides, be of the fame affec- 
tion, the hyjtahfcnu&i angle is greater than 9©°; if *f 
-•dijJxKim aflfaajtos, i£is hfi than .90% . . 

Vl/If 
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VI. If the quadrantal angle = 90% one ait lead of 
the other angles =90°. 

VII, Jf one fide be acute y it is greater than it's op* 
pofite angle ; if it be obtufe, it is lefs than it's oppofitc 
angle ; except the hypothenufal angle =* 90°, in which 
cafe they are equal. 

Thefe properties are alfo given by Dr. Maske- 
lynb, and their proofs follow immediately from the 
fig. properties of a right angled triangle ABC % by taking 
x 9* it's fupplemental triangle P2R, in which one fide 
PR (oppofite to the right angle i?) =90° ; for whatever 
parts are of the fame or different affe&ions in ABC 9 
muft have their correfponding fupplemental pacts in 
P2R of the fame or different afie&ions ; and by fub* 
flituting 180 - one angle in PQR for the fupplemental 
fide in ABC 9 we get the limitppf the angles x>f P2R. 

In cafes, where the affeftion of a required fide or 
angle is not known, if the triangle be delineated 
upon the furface of a globe, you may generally difcover 
whether the, fide or angle be greater or lefs. than 90°. 



FIG. 



217. Becaufe rad. x cof; AG = cof. AB x cof. BC 
(212), \£ AC be lefs than 90 , it's cofine is poi&tiye, 
^* and therefore rad. x cof. AC, or cof. ABxcot. BC, is 
pofitive; hence, AB 9 B C, muft be both lefs, or both 
greater than 90% for in the former cafe, their cofines 
will be pofitive, and in the latter* they will be negative, 
and therefore in each cafe their produft will be pofi- 
tive, as it ought. If AC he greatej than than 90V 
it's cofine is negative ; therefore cof. A3 x cof. BC is • 
negative; hence, one of the legs jtB % BC> tnvft be 

lefs 
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left than 90°, and the other greater ; for then the 
cofine of one will . be negative, and that of the other 
pofitive, arid therefore their produfl: will be negative^ 
as- it ought. Thefe conclufions agree with what is 
proved in Art. 202. 

218. Alfo, rad.xfin. JBC=cot. Cx tan. AB (212); 
now fin. BC is always. pofitive, therefore got, Cx tan. 
AB is always pofitive, confequently AB and C mull 
be both fefs, or both greater than^o ; for in the for- 
mer cafe, the figns of cot. C, and tan. AB, will be 
pofitive, and in the lattfr cafe, they will be negative, 
and therefore in each cafe their product will be pofi- 
tive,' as it ought. Hence, the angles are of the fame 
afie&ions as the oppofite fides. This agrees with what 
is proved in Art. 199. 

The conclufions^ in thefe two Articles agreeing with 
what has been already proved,, fh©w the neceffity of 
Attending to the figns of the quantities. 

Prop. XXVII. 

In a right angled fpherital triangle, rad. : tang, of ike 
hypothenufe :: cof. of either angle at the hypothenufe : tan* 
vf the leg adjacent to that angle, 

N ' . 

2,19. For (125) rad. : cof. CEF, or cof. A, :: fig. 
^ ^ CExAO EFxAO ' An A 24. 

CE : EF :: — ^ — : — OE — :: : ' 

AB (78), and alternando, rad. : tan. AC :: cof. it 1 
tan. AB. , In like manner, the propofition is proved 
for the angle C, and it's adjacent leg BC-, fee the ob- 
servation to Art. 208. 

I Prop, 
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Prop. XXVIII. 

In a right angled fpherjcal triangle, rad. : sof. of the 
hypothenufe :: tan. of the angle at the bafe : cotan. of the 
vertical angle. 

220. Fof (212) rad. x cof. AC=*a>t. Cx cot. A— 

r % 

cot. Cx 7 (82), or tan. A x cbf. AC=r x cot. C } 

tan. A 

Kence, r : cof. AC ::~tan. A : cotan. C 



Prop. XXIX. 

In anyfpherkal triangle y the fines of the fides have the 
fame proportion to each other as the fines of their oppofite 
angles. 

fig. ' 221 . Let BAG be a triangle, and from any angle, 
25. as A, draw a perpendicular AD to the oppofite fide 
BC-, then (212), 

Rad. x fin. AD={in* AB x fin. B 
]$jd. x finu AD = fin. AC x fin. C; 

Hence, fin. AB : fin. AC :: fin. C : fin. B*. 

222. Cor. 

, * If the fides of a triangle be decreafed without limit, the fines 
or tangents of the fides, approach in length to the fides themfeives 
as their limit, and the triangle approaches to a plane triangle as it's 
limit; therefore for a plane triangle, AB : AC :: fin. C : fin. B> 
as is proved in Prop. 15. Plane Trigonometry. In like manner, 
in all cafes of fpherical triangles, when the fiut% or tangents of the 
fides enter, the fides themfeives may be fubftituted, and the conclu- 
sions will be true for plane triangles. 
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H±. ;Cor. Hence, fin. AB+fm. AC : fin. AB~*> 
tin. AC :: fin. C + fin. B : fin. C-^fin. By therefore 
(112) tan. $ (AB+BC) : tan. f (AB^AC) :: tan. 
ifC+B) : tan. $ (C^B), 

223. In deducing formula for the folutipn of ol> 
lique angled triangles, by. letting fall a perpendicular 
from the vertical angle upon the bafe, if we fuppofe 
the perpendicular to fall within the bale, and the fides 
and angles to be lefs than 90% the formula which we 
deduce will anfwer in all other cafes, regard being had 
to the figns of the quantities (85, 86). For if the 
'figns* of the terms be once true, if they be made to 
vary, according to the variation of the figns of the 
faftors which compofe them, they muft continue 
true. 



J 3i 



Pro*. XXX. 

In any fpherica\ triangle^ if a perpendicular be drawn 
from the vertical qngle to the bafe > the, cofines of the f eg- 
menu of the bafe have the fame proportion to each other 
as the cofnes of the adjacent Jides *. 

224. The conftru&ion of the laft Propofition re- 
maining, we have (212), 

> 

Rad. x cof. AB » cof. AD x cof, BD 
Rad. x cof. AC = cof. AD x coC CD 

Hence, 

* The vertical angle and bafe are here the representatives of 
any angle and it's oppofite fide, it being arbitrary which fide you 
joake the bafe. And the fame is to be underftood, whenever the 
lame tenuis are ufed. Alfp, when the angle A is mentioned, it 
means the whole angle BAC. 

12 
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Hcoce, by multiplying crofs-ways, cof. AB x cof. CD 
= cof. AC x cof. BD, and cof. AB : cof. AC :: cof. BD 
: cof CD. 

Hence, if any two fides AC, AB, be of the fame, or 
different affections, the fegments CD, BD of the third 
fide are of the fame, or different affeflions* 

225. Cor. • By compofition and divifion, cof! AB 
+ cof. AC : cof. AB^cot AC :: cof. BD+cof. CD 
: cof. BD^ cof. CD; therefore (112) cotan. { (AB + 

, AC) : tan. 1 (AB^AC) :: cotan. § (BD + CD) : 
tan. l(BD^CD) :: cotan. iBC : tanVf (BD<^CD),' 
or, :: cotan. § (BD+CD) : tan. $\£C, according as 
the perpendicular fells within or without the triangle ; 
hence, the three fides of the triangle being given, three 
terms of the proportion are known, therefore we get 
the other term, and confequently we know BD—CD, 
or BD + CD* knowing therefore the fum and diffe- 
rence of BD and BC 9 we get each. Thus we refolve 
a triangle, having the three fides given, into two right 
angled triangles, in each of which we know two fides ; 
hence* we can find the angles (212), and therefore the 
angles of the given triangle are known. 

Prop. XXXI. 

r < 

The fame confiru&ion remaining, the cqfines of the angles 
at the bafe have the fame proportion to each other as the 
fines of the correfponding fegments* of the vertical angle. 

226. For (2 1 2) rad. x cof. B = cof. AD x fin. BAD 

rad. x cof. C = cof. AD x fin. CAD, 

Hence, 

• The two parts into which the vertical angle is divided* are \ttt 
■ called Segments* 
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Hence, by multiplying croff-ways, cof. Bx fin, CAD 
= cof. Cx fin. BAD, and cof; C : cof. B :: fin. CAD 
z&n.BAD. 

227. CcfR. i. By composition and divifion, cof. C 
+cof. B : cof. C— cof. B :: fin. Ci*£>+fin. BAD : 
fin. C&D^fin. &4D; therefore (i 12) cotan. § fC+tfJ 
: tan. f (C^B) :: tan. J (CAD + BAD) : tan. 
I (CAD^BAD) :: tan, f ^ : tan. f (CAD-^BAD), 
or, :: tan. J (CAD + BAD) : tan. f ^, according as 
the perpendicular falls within or without the triangle; 
hence, the three angles of the triangle being given, three 
terras of the proportion are known, therefore we get 
the other term, and confequently we get CAD-^BAD, 
or CAD + BAD 5 knowing therefore the fum and dif- 
ference of thefe two angles, we get each angle. Thus 
we refolve a triangle, having the three angles given, 
into two right angled triangles,, in each of which we 
know thp two angles 5 hence, we can find the fides 
(212), aqci therefore the fides of the given triangle 
are known, 

228. Cor. 2. Let the perpendicular fall within the 

* r rn, „ . /n! D , tan. \ (C^B) x tan. \A 
fade. Thecotan. \ (C+B) = ^ (CA t>^BAD) ' 

. 1 tan. § (C—B) 

0f tan. i(C+BJ " cot, \ A x tan, J (CAD ^ BAD)* 
fubftituting r * -j- tan. for cotan. and r* ~ cotan. 
for tan. (82). Hence, tan." § (C + B) = 
cot, f A x tan, j (CAD ^ BAD) 
' tan.ifC-iy 






1 Prop. 
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Prop. XXXII. 



The fame eonftruftion remaining) the cofines'of tie feg- 
ments of the angk At the vertex are to each Vthet retipro- 
cully as the tangents of tie fides to whkh they are adjacent. 

229. For (219) rad, xtan. AD ^co(. BADxxzn.AB . 

iad* xtan. AD=*cq(. QAD xtan. AC\ 

• *■ ' 

hence, cof. BAD : cof. CAD :: tan. AC : tan. AB. 

230. Cor. Henfce, tan. AB+txn, AS : itaa. AB 
^-HAn. AC :-. cof. C4D + cof. BAD : cof. Ci*£> -^ 
cof B^Z>, or (113, 112), fin. (AB+AC) : fin. 
(AB -w ^C; :: cot, f f£tf.D + 5^D;, or, cot. M 
: tap. § f&tfD' -^BAD) j but. (97) 

a fin, j (AB+AC) x cof. f (AB+AC) ^ + 

-. , a fin, j ^g *>AC) x cof. j ^g ^AC) 

r 
= fin. ^B -* yfCy ; hence, fiii. f (AB+AC) x cof. 
J (AB+AC) : fin. f (AB^AC) xcoC § (AB^AC) 
:: cot. i^ : tan, J (CAD^BAD). 

/ ' 

Prop. XXXIII. 

1 

The fame conftru&ion remaining, the fines of the fegments 
of the bafe are to each other reciprocally as the tangents of 
the adjacent angles. 

23 1 . For ( 2 1 0) rad. x tan. AD = fin. BD x tan. B % 

rad. x tan. ^D=fin. CD x tan. C; 

# 

hence* fin. BD : fin. CD ;: tan. C : tan. /?. 

• • ■> . * 

232. Prc^ 



\ 
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232. Preparatory to the folution of the next five 
Propofitions, the general rule is, to let fall a perpen- 
dicular from the extremity\>f a given fide, and oppo- 
fite to a given angle. 

Prpp. XXXIV. 

In any fpherical triangle, given two fides and the in- 
cluded angle, to find the other parts. 

233. Let BAC be the triangle, and 1ft there be 
given AB, BC> and the angle B. Draw AD perpen- 
dicular to BCy then, 

T r« t> tn r * c °f« B , X 

' IJ. CD=CBtBD. 

t 

III. Cof. JC- ^CBD (224). 

'w n . „ fin. AB x fin. B x 

V - ■*** fin". AC (2 ">- 

I • 

/ 

This Propofition may be alfo thus folved ; and here, 
let us fuppofe AB> AC and the angle A to be given. 

By Cor. Prop. 29, tan. § (AB+AC) x tan. 
I (AB^AC) :: tan. I (C + B) : tan. J fC*^. 
Substitute for tan. i(C + B) it's value found in 
Art. 228. and we have, tan. f (AB + AC) : tan. 
I (AB^AC) :: cot. f i* x tan. f (CAD^BAD) : 

tan. J (U'+'Jt)*} multiply the terms of this propor* 

14 tioi* % 
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tion, by the terms of the laft proportion in Art. 230, 
fubftttuting fin. x r for cof. x tan. and we have, 
fin , j fJB + JC) 1 : fin. f fAB+AC)* :: cot. f A*. 
: tan: \ fC^B) 1 ; hence, fin. I fAB+AC) : fin.. 
i fAB~-AC) ;: cot. \ A i tan. J fC^B) y and 



Again, from the firft of the above proportions, 

make this equal tp the laft value of tan. f fC^h) y 

and we get, 

* 

' hence, cof. f fAB+AC) : cof. § fAB+AC) :: cot. 
§ ^ : tan. § fC+B). 

Thus we get the half fum (S) and half difference 
(D) of the angles C and B; hence, 5+D, and S>- Z> 
are the two angles.' 

Hence, fin. C : fin. AB :: fin. ^ : fin. £C the 
other, fide. 

434. As cot. i ^, and cof. f fAB+AC) muft be 
both pofitive, tan. f (-C+B), and cof. { fAB+AC} 
muft have the famefign; hence, in any fpherical tri- 
angle, half the fum of any two fides, is of the fame affec- 
tion as half the fum of their oppqfite angles. This confi- 
deration will frequently take away an ambiguity which 

might 
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might otherwife arife. For jnftance, if two fides and 
an angle oppofite to one of them be given, to find the 
angle oppofite to the other fide ; - or, if two angles and 
a fide oppofite to one of them be given, to find the 
fide oppofite tg the other angle ; here the required 
, quantity, coming out in terms of a fine, will, from that 
confideration only, be ambiguous (87)5 but from the 
above property, the ambiguity will frequendy be taken 
away. It will not always be taken away, becaufe each 
of the arcs, or of the angles, corresponding to the fine 
of the required quantity, may be fuch, that when 
added to the other arc, or angle, the half f um may 
be of the fame aflfeaion, 



■ ■ . Prop. XXXV, 

Given tivojidesy and aff angle oppofite to one of them* 
to find the other parts, 

2 35 . Let there be given AB, BC, and the angle C. 

Draw BE perpendicular to AC, produced if necefifary. 
Then-, » • ' • 

fin. AB V- X1 h 

cot. AB \ 21ZJ * 

HI. Tan.C£= r . XC0 £j?( 2I2 ) 

cot. BC ^ ZI2 >' 

IV. AC=CE±AE.- 



y/s in#5= fin 1 C^fin 1 ^ 

fin. AB x%7 "}>* 



Prop. 



*$8 
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Prop. XXXVI. 

Given one fide, and the adjacent angles y to find the othet 
parts. 

\ 

236. Let BC y and the angles B, C, \k given. 
Then, 

- 1 c-j, z>z? fin. 2?Cx fin. C, ,. 

I. Sift. !?£=? . (212), 

II. Cot. CBEJ22£J£ \xiz). 



cot. C 

III. Sin.2kf£= v * 'b (212). 

•rtr *• ^rr fin. JJC X fill. C . . 

IV. Sm. ^= g-j (Z2i), 

v e- >*/» fin. 2?Cx fin, 2?' . 

V» Sin. JC=z > — -= (221). 

fin. 4 . v ' - 



Prop. XXXVII, 

G*V«r one fide y an adjacent jmgte, and the eppojtfe 
angle, to find the ai&er parts. 

237. Let the fide % AB % and the angles B auid C be 
given. Then, 

_ e . Mr% fin. ABx6n>B , x 
L Sin. <4C= - — 71 — -(221). 



II. Tan. BD~ 



fin. C 

r x cof. B 
cot. itp 



(***)• 



III. Tan* 



.i 
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HI. Tan. CD^ rxCoC ^ (212). 

cot. AC v 

IV. BC=CDitBD. 

- T * A fin. 5Cxfin. C. x 



Prop. XXXVIII. 

Given two angle; , and the Jide included between them, 
fojkd the other parts. 

238. Let B, BAC and AB be given. Then, 

I. Cot.J5^D=-^ =r-/ (212). 

cot. 2? \ ' 

II. CAD=A±BJD. 

ttt ^ r ^ cof. 5 x fin. C^D / . v 

III. Cof. C= — ? — 5-r-- — (226). 

fin. BAD v y 

Ttr **• */s fin. ^5 x fin. 5 , * 

IV. Sin. AC=* 7 — n (221 )« 

fin. C v ' 

tr e- x>^ fin. ^ X fin. A . % 

V. Sin. *C= ^ (,«). 

This Propofition may alfo be thus folved. In the fig, 
fupplemental triangle, we have given PR* 2R and the *9» 
included angle JR. Hence, by Prop, 34. 

Sin. £ (PR± QR) : fin. f (PR—QRJ :; <:ot. £ £ : tan. £ (P—Q) 
Cof. £ (PR+QR) : cof. i/i^-Q*; :: cot. £ * : tan. £ fP+ QJ. 

Now B = 1 8o» -Pi?, ^= 1 8o° - 3U, ^5 = 1 8o° <- if, 
JBC=si8o°-P, ^^iSo^-Si hence, fin. or cof. 



1 / 
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f f4+Bj=ftn. or cof. f ( 360* -PR+QR/*= fin, or 
cpf. 1 fPR+QRji fin. or cof. \(A-Bj =fin. or 
cof. § (PR-QRJ; tan. $ ^5=tan. f (i8o ^/?^ = 
tan. (90* -§/?;= cot. f #; tan. i {AC-BC)=v>.n. 
jfP- 2); and tan. § fAC+BC) = \3.n. § (360°- 
P+2) = tan. i fP+Q) j hence, by fubftitution, 

Sin. J (A+B) : fin. tfiJ—B} :: tan. } ^J| : tan. £ (XC—BC}, 
jCof. -J C^+ &> : co£ i(A-B) :: tan. f ^5 ; tan. f (JC+RCh 

Knowing therefore fS) half the fum of AC and 5ft 
and (Zty half the difference of AC and BC, we have* 
S+Z>=; the greater fide, and S—Z>= the lefs fide* 



Prop. XXXIX. 

In any fpherieal triangle, as the reRangle under the fines 
tfany twofidts : the fine of \ (fum of the fame two fides 
+the third fide/ x the fine of \ f fum of the fame two fides 
— the third fide J ,%• the fquare of radius : the f quart of 
the cofine of half the angle comprehended between the before* 
mentioned two fides* 



*6. 



239. Let ABC be the given triangle, O the center 
of the fphere, and draw the radii A0 % BO; and let 
£CP be a fmall circle perpendicular to AO, and 
EHP< a diameter of it; then (166} AC=AE=AP\ 
let alfo LCD be a fmall circle perpendicular to B0 % 
and LmFD a diameter of it, interfe&ing EHP in m, 
and join Cm; then as the plane of each circle ECP y 
LCD> is perpendicular to the circle AEDB y their com- 
mon interfe&ion Cm is perpendicular to the fame 
circle (Euc. B. *x."p. 19.) i therefore Cm is perpen- 

. - N dicul^f 
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dfcular to EHP; alfo, BC=BL=BD (166); joia 
ED, CH, L0 9 EOy and draw Os perpendicular to 
ED. Now to the radius EH> Em is the jrerfed- line 
of the angle EHC 9 of of EA C ( 1 73) ; hence, 

,.£# : Em :: rad, : Ver.-fin. EAC 
Em : i>£ :: fin. Et>m : fin. EmD, or fin. Z>wP (128) . 



■ n 1 



.•. £i/ : DE :: rad.x'fin.&Dw : ver.-fin. iL4Cx fin* jDwi* 

■■■ • » ■ '■ ' ■■■!. ■ ■ , ■ '\ s; 

>» • 

But Eff= fin. ^£=fin, **C, to the radius (r) of the 
fpherej alfoi £D= %Es = (90) 2 fin. \EABD = 
2 fin. i (EA +AB + BDj = 2 fin. \ (AC+AB + BCJ ; 
and fin. EDm, or E£>L, or fin. J £OL (Eye. B. in. 
p. -20.) or, fin. \EL = fin. § (AE — ^Xy = fin. 
I /^C + y?£ - #Ly = fin. f (AC + AB -BCJ. 
Again, the angles OvF, mvH, are- the complements 
of AOBy DmP refpeftively, and as the two former- are 
equal, we have DmP=AOB; therefore fin. DmP = 
jfin. AOB = fin. AB. Hence, the above proportion 
becomes, fin. AC t 2 fin. § (AC + AB + BCj :: 
r x fin. i (AC+AB-BCj : ver.-fin. EAC x fin. 
AB, or*, fin. yfCx fin. AB : fin. § (AC+AB+BC/ 

x fin. 

. • That the next proportion follows from the preceding, is ma- 
nifefl from this, that in any proportion, a fa&or may be trans- 
ferred from one extreme term to the other, or from one of the mean 
terms to the other ; or one of the mean and'one of the extreme 
terms may be multiplied by the fame quantity, and the product of 
the .extremes and means will Hill continue equal, and therefore the 
proportion will be true- In the cafe above, fin, AE is transferred 
from the laft to the firll term; fin. f (JC+JB-BC) is trans- 
ferred from the third to thefecond term; the fecond and fourth 
teems are multiplied by f , and the third and fourth by r. 
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x fin. I '{AC+AB-BCj :: f : f r x vcr.-fin. JEifCfc 
or, cof. i CAB* (95)- . ' 

The three fides of the triangle being giifen* 
the computation of the angle CAB immediately 
follows: for cof. § CAB 

/P*xfin. i(AC+AB+BC) xfin. * ^C+^-W) 

= \X " f» 

^ fin. ^Cxfin. -<*£ I 

* t an expreflion fimilar to that for plane triangles, Art* 
134. Hence, log. cof. f CAB = § ( log. fin. 

$ fAC + AB+BCJ +log. fin. f fAC + AB-BCJ 
+ ar. co. log. fin. AC + ar. co. log. fin. AB ] * 

Here can be no ambiguity, as \ CAB mud be lefe 
than 90 . , 

» 

This rule (as Dr. Maskelyne obfcrves) is not 
proper to be ufed when A is near o°, becaufe the dif- 
ference of the log. cofines of £ A for 1" is then very 
fmall; and very near 0% the log. cofines of \A are the 
fame for an arc of many feconds, owing to thelpga* 
rithms being continued only to feven places ; in this 
cafe therefore it will be proper to ufe the next rule. 
This rule is moft proper to be ufed, when A is be- 
tween 90 and 180 ; for then there is a confiderable • 
difference of the log. cofines i>£ ± A for 1". 



Prop, 
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Prop^ XL, 

As the rectangle under the fines of any two fides r 
fin. § f third fide + difference of the other two fides J x 
fin. § f third fide — difference of the other two fides J :z 
the fquare of radius : the fquare of the fine of half the 
angle included by the before-mentioned two fides. 



240. For r* r fin. § CAB = cof. f CAB* '.= 
r* x fin, j fAC+AB^BCj x fin, j (AC+AB - BCJ 

im, AC x tin. AB ' 

hence, fin. § CAB = 

<- £* x fin.^fC xfin.^5- r* x fin * (4C+4B+BC) x fin* (^C+ JB-Bc} 

y , — -^— - 
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fin. ACx&sl AB 

but (107)' fin. ^Cx fin. AB=rx$ cof. fAC-AB) 
-rxl cof. {AC+ABj; and fin. § {AC+AB+BCJ 
x fin. | {AC+AB - BCJ =r x f cof. ££- r x | cof. 
fAC+ABji hence, omitting r\ tbe numerator be- 
comes rx f cof. (AC-AB)-rx \ cof. 2?jC-(iii) 
fin. | fBC+.AjC- ^5y x fin. i (BC+AB- AC)=(tf 
D=AC~AB) fin. | f£C + D) x.fih. | (BC~D). 
Hence, 

fin, i c^= v/^iL n ' * y fc, +^ x f fin - v^H5l 

1 ^ fin. yfCxfin. ^5 l ' 

• and this equation gives the following analogy ; fin. AG 
xtm.AB : fin. \ (B€+D)xGn. \{BC-D) :: r\x 
fin; I CAB*' 

From the equation we have* ♦ log. fin. § CAB= 

$ Mog. fin. { (BC+DJ+ log. fin. J {BC-D) +ar. 

og. fin. ^C + ar - c <*« log, fin. ^2? j . 

This 



CO 



i^ SPHERICAL TRIGONOMETRY*/' 

This rule is not proper, to he ufed when A is near 
1 8o% becaufe the difference of the log. fines of \ A 
for i" is tEen very fmall; and very near i8o°, the log- 
fines of i'A are the fame for an arc of many feconds ; in 
this cafe therefore it will be proper to ufe the preceding 
rule. This rule is moft proper to be ufed, when A is 
lefs than 90°; for then there is a confiderable difference 
of the log. fines of \ A for 1". 

Prop. XLI. 

In any fpherical triangle y as the refiangle under the 
fkes of any two angles : cof. of \ (third angle -{-difference 
of the other two angles) x, cof. of \ (third angle - difference 
of the other two angles) :: thefquare of radius : the fquare 
of the cofine of half the fide comprehended between the 
before-mentioned two angles. 

241. Let P 2 R be the fupplementaf triangle to 
IQ ABC; then (191) 180*- 2 ±AC, .i$o* -R=AB> 
i8o°-P = 5C; and patting D = AB-AC, as^in 
Prop. 40, we have, § (BC+D)= 9 o°-i (P+R-2), 
and i (BC-D),=90*-i (P + 2-R); hence (66), 
fin. § (BC + D)— cof. \ (P+R-2), and fin. 
I (BC-D) = cof. KP+2-R); alfo, fin. AC = 
fin. 2 4 and fin. AB = tin. R (63); laftly, fin. { CAB. 
= fin. I fup. 2R (191) = cof. i 2R (66), becaufe half 
the fupplement of an arc = complement of half that 
arc. Subftitute thefe values in the proportion in Prop. 
40, and we have, fin. Sxfin. R t : cof. j (P+R-2) 

x cof. $ (P + 2-R) :: rad. a : cof. i 2R\ 

This rule is not to be ufed when 2R is near 0% 
but when it is between 90° and i8q°J fee Prop. 39. 

Prop. 



FIG. 
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/ 

P»op. XML 

£r any fphemd triangle^ a* the reSlangle under the 

Jbm of any two angles : cqf. \ (fum of the fame two 

angles + third angle) x cof. \ (fum of the fame tzvo angles 

— third angle) :: the fquare of radius : the f quote of the 

fine of half the fide comprehended between the before-men- 

^tioned two angles. 

242. For4C+JB+BC=3xi8o°-(P+2+R), 
therefore fin. f (AC -H AB + BC) » fin. (2,70* - 

(Q+R+P)\^cQ£i(2+R+P)i*n&jlC+AB-BC 

■ai8tf+P-S-22, therefore fin. i (AC+AB-CB) 

= fin. f 9 o«-f (2+#-/v)=cof. i (2+2?- P); 

aHb,fin.^C=fin.2, fin. AB= fin. U-, and cof. |^=co£ 
J fup. 2£ = fin. I 2&. Sobfljmte thefe values in the 
proportion in Prop. 40. and we have, fin. 2 x fin. R 

: cof. i (Q + R+P)xco£ %(2 + R~P) :: tad.* : 

fin. § 2£*- 

This rule is not proper ta be ufed, when QR is near 
1 8o% but is woft proper wl^a 3A is left than 90 ; 
ice Prop. 40. 

Thus the three angles of a triangle being given, the 
fides may t)e fountf. Thefe data are therefore fufficient 
to determine the triangle. 

What we have hitherto given, is fufficient for the 
faUitiop of aU the cafe* pf , ^>heriqal triangles ; but as 
there are feme tbeprea^ whiqfc are very uieiul in aftro- 
nomical and nautical enquiries, we (hall fc£*e give 

K them; 
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them; and they are alfo further valuable, as they (how 
the affe&ions of the fides and angles, and thereby 
frequendy ferve to take away the ambiguity which 
fometimes arifes in the numerical folution of triangles. 

Prop. XLni. 

In any fpherical triangle ABC, the cqfine of B = 

r* x cof. AC-r x cof. AB x cof. BC 
Jtn.ABxJitt.BC — * 

fig. 243. By Art. 224. cof. AB : cof. AC :: cof. BD 
2 5- : cof. CD :: cof. BD : cof. {BC-BD) :: cof. BD 

cof. BC x cof. BD + fin. BC x fin. BD . . 
: =, _ (103) :: 

f dividing by cof. BD, and fubftituting — »■* . for 

fin. BD\ r x cof BC + fin. BC x ten! BD 

wCbd) l : ' r % " : :: 

(. r 1 n- •■ cof. B x tan. ^fB r nT . * *\ 

by fubftituting for tan. z?Z> (219) I 

r*xcof. BC+Gh.BCx cot Bxtzn. AB , 

: whence, 



cof. B =s 



r 5 
r 3 x cof. AC- r* x cof. ^5 x cof. £C 



cof. AB x tan. ^ x fin. BC "~ 

fas cof. AB x tan. ^5 = r x fin. AB (78) J 

r» x cof. AC-r x cof. AB x cof. 2?C 
fin. AB x fin. £C # 

The cofines of each of the other angles will be 
exprefTed by the fame form, taking, in each cafe, the 
fides which are fimilarly fituated in refped to the angle 
whofe vahie isexprefTed. 

244. As 
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144. As the denominator b always pofitive, the 
angle B will be lefs or greater than 90% according as 
the numerator is pofitive or negative. Hence, we 
immediately difcover the Following affe&ions. 

If the fide oppofite to B be lefs than 90°, and one 
of the other two fides be greater and one lefs than 90% 
B is lefs than 90°. , 

If the fide oppofite. to B be greater than 90 , and 
each of the other two fides be lefs than 90% B is 
greater than 90*. , 

If the fide oppofite to B be greater than 90 , and 
each of the other two fides, be alfo greater than 90V 
B is greater than 90°. Hence, when the three fides 
are each greater than 90% each angle is greater than 
90*. 

The angle B is of the fame affeftion as the oppofite 
fide AC, when ' one adjacent fide, as AB> is either 
=AC> or =i8o°-^C, or between AC and 180 
' —AC*> for in each cafe, cof. AC is either equal to, 
or greater than cof. <AB; and therefore cof. AC is 
greater than cof. AB x cof. BC. 

, 245. The expreflion for cof. J?, as it Hands here, 
is not adapted to a logarithmic computation, but it 
may be eafiiy reduced to it thus. The cof. B = 

cof. AB x cot. BC 



H7 



cof. AC - 



r % x 



fin. AB x fin. BC 



; let M be fuch an 



xu i r \/r ^cot.AB x cof. BC , ' r D 
arc, that cof. M = : * ; then, cof. B 



k 2 



=r 



% 
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The above expreffion may be reduced to a loga- 
rithmic calculation, by a procefs fimilar to that of the 

1 n 1* r • t- f ,* coC B x cof. ^ 
laft Propofition. For put col. M=' 7- $ 

1. r ah m COf. C + Cof. jtf 

then, coi. AB=r % x — — 5 — ? — 3= 110 

• fin. B x fin. A v ' 

r x , cof. M M+C)x coy (M-C) Hena - 

fin. B x fin. -4 
log. cof. ^S = 0,301030b + log. cof. i (Af+C) + 
log. cof. | (Af- C) + ar. co. log, fin. B + ar. co. log. 
fin. A- 10,. 



Prop. XLV. 

I/* *«y fpherical triangle AB C, the tangent of B~ 
r* xfin. C 



Jin. BC x cot. AC -cof. BC x cof. C* 



248. By Art. 231. tan. B : tan. C :: fin. CD : 
fin. BD :: fin. CD : fin. (BC-CD) :: fin. CD : 
fin. BC x cof. CD - cof. BC x fin. CD , 

: ■ — ~ — - — *- — — (iOl) :: 1 ; 

fin. BCx cof. CD coC B C fin. BC x cot. CD 

r x fin. CD r r x 

cof. BC . . x . _ „,■ ■ 
;- ~ — i dm (212) r x cof. C=tan. CD x cat. AC 

1 

= cot^CD x cot * ^ C ^ 82) { theref ore — CD « 

cot. ^C , . a 
co f C i hence, tan. B r tan. C :: i : 

fin. 



s 
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fin. BCxcot. AC cofJC , • „ 
rxcof.C ~ — — * henCe ' tan - B = 

r* x fin. C 

fin. BCx cot. AG - cof. B C x cof. C ' 

* « • 

The tangents of the other angles will be exprefled 
by the fame form, taking, in each cafe, the fides and 
angle which are fimilarly fituated in refpeft to the 
angle whofe value is exprefled, 

249. As the numerator is always pofitive, B will be 
greater or lefc than $o% according as the denominator ' 
is negative or pofitive. Hence, 

If AC and C be both lefs than 90 , and BC be 
greater than 90 , B is lefs than 90 . 

If AC and -BC be both lefs than 90 , and C be 
greater than 90 , 5 is lefs than 90 . 

If BC and C be both lefs or both greater than 90% 
and AC greater than 90 , B is greater than 90 . 

250. To adapt this to a logarithmic computation, 

• » r x fin. C 

we have, tan. B = r fe — ■ -— - —~- 

fan. 2a< x cot. AC cof. BC x cof. C 

r r 

let A£=an arc, fuch that cof. M= , 

r 

and iV = an arc, fuch that cof. N = I 

r 

r x fin. C , x 

then, tan. B = ——^-^ = („,) 

r a x fin. C „ . . 

» fin. i(*+ifl» fin. i (*-*) ' Butltisma -. 

k 4 nifeft 
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nifeft that this method is not general; for if 

fin. B C x cot. AC , - A xll ,. 
. be greater than radius, we can 

take no arc whofe cofine is equal to this quantity. 
This method ' of computation therefore, which is 
given by M. Mauduit without any reftri&ion, can- 
not always be applied. In the cafes where it is appli- 
cable, we have, log, tan. 2?= 2:0,+ log. fin. C+ar. co. 
log. 2+ar. co. log. fin. § (JV+M) + ar. co. log. fin. 
J (#-M)-3o,= 9,6989700+ log. fin. C + ar, co; 
log. fin. f (N+M ) + ar. co. log. fin. \ (N- M) 
-10,, 



Proj>. XLVI. 

In tttg ffherical triangle ABC y the taHgeut "cfAB= 

r* x Jin. AC 

Jin. Ax cot. C+cdf. A x cof. AC 

251. By Art. 229. tan. AB : tan. AC :: cof. CAD : 
cof. BAD :: cof. CAD : cof. (A -CAD) r. cof. CAB : 

cof. A x cof. CAD + fin . A* to. CAD , % cof. A 

~* i, ~ r ~" " — "- — ( l0 3/ :: * : « 

. fin. Ax tan. CAD . r , ' • 

3 ■-*- - 9 but (212), r x cof. ^C=cot. Q 



■' ■ ■! *• 



tan. CfD cot. C , e 

r " " ^ eoT^C* therefore tan. AM : tan. ^fC 

># cof. ^ fin. yf x cot. C 

fan. 
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* n _, r x'cof. AC x tan. AC _ 

"" fin. A x cot. C + qbr. ^f x cof. AC """ 

r* x fin. ^C ■ 

fin. ^ x cot. C + co£. A x cof. -4C * 

The tangents of the other fides will be expreffed 
by a fimilar form, taking, in each cafe, the angles and 
fide which are fimilarly fituated in refpeft to the fide 
whole value is exprefled* 

252, As the numerator is always pofitive, AB will 
be greater or le& than 90% according as the denomi- 
nator is negative or pofitive. Hence, 

If A, C, and AC be each lels than 90 , AB is left 
than 90°. ' 

If C be lefi than 90% and A and AC be both 
greater than 90 , AB is lefs than 90 . 

If C and A be both greater than 90*, and AC U& 
than 90 , AB is greater than 90 . 

If C and AC be both greater than 90°, and A be 
lels than 90 , AB is greater than 90*. 

253. To adapt this to a logarithmic computation, 

<we have, taxi* AB=za — ^ : — >, ■ ■ — a a * » /, ; 

fin. A x cot. C cof. A x cof. AC 9 

4. — . > 

r . r 

let M = an arc, fuch that fin. fit = — - — , 

and jWatsan arc, fuch that fin. iV= — -— ~ s 

r 

then, tan. .<fB = 7 — >/f , ■ , — r* = (io8) 
' fin. M + un. N x 
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r* x fin. A C 



FIG 



But this 



2 x fin. f (Af + W) x fin. | (Af - JV) * 

, i- j i fin. A x cot. C 
computation cannot be applied when : i 

is greater than radius. In cafes where it is applicable, 
we have, log. tan. ^5 = 9,6989700 + log. fin. AC + 
ar. co. log. fin. \ {M+N) +ar. co. log. fin. \ (Af- #) 
-io,-. • , 



/ 
1 



THE RESOLUTION OF SPHERICAL 
TRIANGLES, BY LOGARITHMS. 

< 

Ex. 1. Given the obliquity of the ecliptic =23°. 28', 
and the right afcenjion of the fun =49°. 17'i to find it's 
declination* and longitude. 

Let AB reprefent the equator, AC the ecliptic, A 
23/ the firft point of «r, and BC be perpendicular to BA- t 
then AB =49°. 17'. 'and the angle ^ = 23°. 28'i to 
find the declination BC, and longitude AC. 

By kit. 212. rad. x fin. AB = tan. 2?C x cot. A; 
therefore (213) 10,+log. fin. ^5-log. cot. ^=log. 
tan. BC; hence, 

io,+fin.49°-i7'- °" " * " " % x 9' 8 796375 
cot. 23. 28. o .- - - - ., 10,3623894 

tan. 18. 12. 48 the Declination - 9,5172481 

Alfo 
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Alfo (212), rad. x cof. A = tan. AB x cot, AC\ 
therefore (213) 10,+log. cof. ^f — log. tan. AB — log. 

cotl A C\ hence, 

1 

10, + cof. 23 . 28'. o" - - - - -j 19,9625076 
tan. 49. 17. o - - - - - 10,0651775 * 

cot. 51. 42. 37 the Longitude - 9*897330* .• 



# If ifB reprcfent the ecliptic, ytfC the orbit of a 
planet, and C the place of a planet ; then if we know 
the longitude of the planet upon the N ecliptic, or of 
the point B, and the longitude of the node A, wc 
know AB-, and let BC, the heliocentric latitude of 
the planet, be alfo given; then (212) rad. x fin. AB 
«=cot. Ax tan. BCj hence, tan. BC : rad. :: fin. AB 
: cot. A the inclination of the orbit of the planet to 
the ecliptic. 

The difference between the hypothenufe and bafe 
of a right angled fpherical triangle, is called the 
Reduction, becaufe you may reduce one to the other 
by means of their difference. And in Aftronomical 
Tables, there is found, for inftance, a Table, called 
Tie Reduction of tie Equator to the Ecliptic, in which 
you have the difference between the equator and the 
the ecliptic, for every 10 minutes of right afcenfion, 
which applied, according to the fign, to the right 
afcenfion, gives the correfponding longitude. In like 
manner, a Table is ponftrudted to give the right af- 
cenfion from the longitude. By a like Table, the 
place of a planet in it's orbit may be reduced to the 
ecliptic, or the contrary. 

Ex. 



*5 6 
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Ex. 2. Gtven the-futts altitude atjix <? clock = j 7 . 44', 
and ifs declination =21°. 17' N.; to find it's azimuth, 
and the latitude of the place. 

yic. Let Z be the zenith of the place, P the pole of 
117. the equator, S the place of the fun; then PZ being 
the meridian, and the fun being fix hours from it„ 
the angle Z/\S=90°*; alfo, the angle SZP= the azi- 
muth from the north, ZP = the complement of the 
latitude, PS = the complement of the declination = 
68*. 43', and 2S = tlie Complement of the fun's alti- 
tudes 72*. 16'. Now (212) rad. x cof. ZS=cof. PZ 
x cof. PS; therefore (213) 10, + log. cof. ZS— Jog. 
cof. JP5=log. oof. PZ=*log. fin. lat. Hence, 



10,+cof. 72°. 1 6'. o" • - 
cof. 68 43. o - - 



*9A&37 Il 7 
9,5598829 



«•■ 



fin. 57. 2. 54 the Latitude - - 9,9238288 

Alfo (212), rad. x fin. PS— fin. SZ x fin. Z; there- 
fore (213) 10, +log. fin. PS - log. fin. SZ=slog. fin.Z; 
hence, 



y 



io,+ 



« 1 

9 The angle ZPS here reprefents the time from apparent noon, 
or from the-time when the Tun comes to the meridian, and not from 
12 o'clock; this is called the hour-angle \ and the time is hand 
from the angle, or the angle from the time, by reducing it at the 
rate of 15 for 1 hour. 



rtr*<s 
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10, + fin. 68*. 43'. o" - - - - - 19,9693212 
fin. 72. z6- o * . - . 1 9?9788579 

fin, 78* 2. 1 2 = z the Azimuth ■ - 919904633 



Ex. 3. Gnwi M* latitude of the place** 52*. 12' N. 
and fun's declination 23°. 28' N.* to find its altitude at 
fix o'clock. 

Here P is a right angle, and (212) rad. x.coC 2S 
=cof. PZ x Cof. PS, therefore (213) log* cat PZ + 
log. cof. PS - 10, = log. cof. ZS = log. fin, alt.; 
hence, 

cof. 37 . 48'. a* - 9**977 "3 

cof. 66. 32. o---- --- 9,6001181 



«***— «***«i 



fin. 18. 20. 23 the Altitude - 9*4978304 

The operation may be performed by the natural 
cofines ; for making radius unity, we have, fin. Alt. 
= cof. PZ x cof. PS = (106) | cof. (PS + PZ) + 
I cof. {PS-PZ) =§ cof. 104°. 20'+ i cof. a8V44' 
= -^0,1237813 +6,4384333^0,3x4652 the mmX 
fine of 1 8°. 20'. 23". 

In like manner, any quantity which is competed 
of the produft of two fines, two coQnes, or fine and 
cofine, maybe computed by Art. 104, 105, 106, 107. 



Ex. 
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Ex. 4. Given the latitude of the places 52 . 12' N. 
and declination of the fun 23°. 28' N. ; to find at what 
time the fun comes to the prime vertical, and it's altitude 
at that time. 

When, the fun comes to the prime vertical, it's 
azimuth == 90 ; therefore the angle SZP = 90% alfo, 
SP = 66°. 32' the complement of declination, and 
ZP=3j°. 48' the complement of latitude. Now 

(212) rad. x cof ZPS = tan. ZP x cot. SP; therefore 

(213) log. tan. ZP + log. cot. SP - 10, = log. cof. 
ZPS-, hence, 

1 
tan. 37 . 48'. o" - - - - - 9,88968x3 
'"cot. : 66. 32. o ----- 9,6376106 



^— «p« 



-cof. 70. 19. i8 = ZP«S ... - 9,5272929 



And 70 . 1 9'. 1 8" converted into time, gives 4^. 41'. 1 7" 
the time from apparent noon. 

Alft (212), rad. x cof. PS = cof. PZ x cof. ZS; 
therefore (213} 1 o, + log. cof. PS - log. cof. PZ = log. 
-cof. 5Z=log. fin. of the altitude; hence, 

« 

;ib,+.cof. 66°. 32'. o" - - - -. •- 19,6001181 
. - -cof. 37. 48. o - - - - • 9,8977123 



'«MM*fe 



fjn. 30. 15. 47 the Altitude - - 9,7024058 j; 



m—m 



Ex. 



■ 
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Ex. 5. Given the latitude of the place 52°. iz' N. 
and fun's declination 23°. 28' N. ; to find the 'time of ifs 
fifing* <md azimuth at that time. 

In this cafe, ZS = 90°, and it becomes a qvia- 

drantal triangle. Now (215) rad. x cof. P = cot, PZ 

x cot. PS; therefore log. cot. PZ + log. got. PS- 10, 

= log. cof. P; hence, ... 

• . 

cot. 37°. 48'. o" - .-- . 10,1103177. 

cot. 66. 32. o ----- 9,6376106 



59 



*■*■ 



cof.. 124. 1. 58 =P - - - - 9,7479283 



■4*. 



The angle in the Tables correfponding to the log. 
cof. here found, is 55 . 58'. 2", but we here take it's 
fupplement; for as PZ, PS, are of the fame affe&ion, 
the angle P muft be greater than 90% according to 
the fifth rule in Art. 216. And 124 . 1'. 58" con- 
verted into time, gives 8h. 1 6'. 8" the time from appa- 
rent noon at which the fun rifes, or it rifes at 3 J. 43'. 
52" apparent time. 

' * 

Alfo (215), rad. x cof. PS = fin. PZ x cof. Zj 
therefore 1 o, + log. cof. PS - log. cof. PZ = log. cof. Z; 
hence, 

« s 

io,+cof. 66°. 32'. o" -. -. - - - 19,6001181 
cof. 37. 48. o 9> 8 977 I2 3 

cof. 59. 4. 1 3 = Z the azimuth - 9,7024058 



Ex. 
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Ex. 6. In ike oblique angled triangle ABC, giv(n 
jfB^sT**! o' 9 BC= 68°. 4^. z", and tie included angle 
i?=39°. 23'; to find the other parts. 

By Prop. 34; we have the theorems for this com- 
putation. ' ' 

I. 1 o, + log. oof. B - log. cot. AB =* ( v aa lbg. tan. + 
log. cot. = zo,) log. tan. AB +log. cof. B - 10, = log- m 
tan. BD> hence, 

tan. 37*. ioT. oT - . - - - - - ^ 9,8797407 
cof. 39. 23. © - - - -. - " 9> 888l 335 

180.30.22.8=51)- ---- 9,767874a 



/ 



As cof. By and tan. B4 are both pofitive, tan. BD is 
pofitive ; therefore there is no ambiguity. 

n. Hence, CD =68'. 46'. **- 3»*- * 2 '- 8 " = 3 8 *- 
a y. 54", and the peipemlieular fells within the bafe. 

III. At. co. log. cof. BD + log. cof. ^B+log. cof. 
CD- io,=log. cof. AC; hence, 

Ar. co. cof. 30 . 22'. 8" - - - - - 0,0640957 
cof. 37. 10. o- - - - - 9>9 OI 393 8 
cof, 38. 23. 54 ' .-"• ' * 9> 8 £4i5 6 * 

cof. 43. 37. 38 = /*C - - * 9. 8 £9 6 457 



IV, Ar. 



\V. At. co. log fin. Ati + log. fin. AB t + log. fin. 
j?--lo, = log. fin..C; tenqfe - ; 



* • 



An co* fin. 43 d 37'. 38" 
fim 37. 10 o , 
fin. 39. 23. Q - . * - 

. ', fin. 33. 45. a = C - - 



* 0*1611739 

- 9>7 8lI 344 

- 9,8024355 

v 9,744743 8 



*The angle C ii not ambiguous, being of the fame 
affefiion as the angle B> becaufe the perpendicular 
/all§ within the bafe (20$)- 

V. Ar, co. log, fin. JC+ log. v fin. 5— 10* = log. 
fin. A\ hence, 



Ar. co. fin. 42 . 3.7'. 38" - - 
fin. 68. 46. 2 
fin. 39. 23. r 

fin. 120. 59. 49 = ^ 



0,1611739 
9,9694703 
9,8024355 

9>933°797 



'the fine of/* gives ^4 either 59 . o'. uV or it's 
fapplement 120 : 59'. 49"; but we muft take the latter, 
otherwifc the fum of the three angles would be lefc 
than two right angles, which cannot be (192). 

By this example, we may calculate the diftahce of 
two places on the earth's furface, having given their 
latitudes and longitudes. For if B be the pole of 
the earth, A> C, the two places, then we know AB> 

L CB, 
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CB y the complements of the latitudes, and the single 
/?, the difference of the longitudes; Or, if B be the 
pole of the equator in the heavens, A, C, ttyo ftars, 
whofe declinations and right afcenfions are known, 
we can find their diftance AC; for then we know AB? 
CB y the complements of the declinations, and t-he 
angle 2?, the - difference of the right afcenfions. Or, 
if B be the pole of the ecliptic, and we know the 
latitudes and longitudes of the ftars, then we know 
AB 9 BC\ the complements of the latitudes, and the 
aqgle B 9 the difference of the longitudes. 

* In like manner we may calculate all the cafes of 
- Propofitions 35, 36, 37, 38. and the ambiguity tnay, 
in moft cafes, be taken away by fome of the foregoing 
obfervations. 



Ex. j7 Given the latitude of a place 52V 12' N. the 
declination of the fun 15 . 30' N. and it's zenith diftance 
108°; to find the time. 

Here, ZP=37°. 48', PS = 74". 30', and ZS= 108°; 
to find the angle P. By Prop. 40. we find P by the 
following operation. 



At. 
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Ar. co. fin. PS = 74°. 30' - - 
Ar. co. fin. PZ = 37. 48 - r 



■**■ 



D == 36. 42 

SZi =108. o 



Sum =144. 42 



Diff.=* 71. 18 

mmmmmmmmmamtmmim 

fin. i(St+D)= 72. 21. 
&n | (SZ-D)= ss- 39 



»•• 



- 0,0160895 

- o»2 12^054 

— 9»979°594 

— 9>7 6 5543& 



a ) I 9»973 2 979 



fin. 75°. 51'. 56" =| P- 



*»■ 



9,9866^89 



Hence, the angle P =151°. 43'. 52", which con* 
verted into time, gives 10A. 44'. 4" from apparent 
noon, that is, at ih. 16'. 56" in the morning, or 
loh. 44'. 4" in the evening, apparent time. Thefe 
are the times when twilight begins and ends. 

By a like procefs, ^ whenever the fun's altitude is 
known* the time may be found* 
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'the laft cafe may be computed by Art. 244, thd$, 

Log. cof. PZ 'm 37°. 48'. o" - - 9,8977123 
■ PS = 74. 30. o * - 9,4268988 



>■■ ! ■■ ■» Jkf = yj> -48. ,35,16 - - 9,3246111 
SZ = 108. 0.0 ■ 



M+SZ= 185. 48. 35,16 

M-SZ = - 30. 11. 24,84 

— a— — i n ■■ 1 1 1 » t 

-. ©,3010300 

fin. i(M+SZ)= 92. 54. 17,58 - - 9,9994406 
fin. } (M-SZ) = - 15. 5. 42,58 - - . 9,4156796 
ar. co. fin. PZ = 37. 48. o ,» - 0,2126054 
ar.co.fin.PS = 74. 30. o - - - 0,0160895. 

cof. P = 151. 43. 52 - - - 9,9448451 

■ i r .ifci hi ii ■« 

% 

As § fAf — 5Z^ is negative, it's fine is negative 
(86), therefore cof. P is negative, and confequently 
P is the fupplement of the angle tvhich cortefponds 
to log. cof. 9,9448451. 



Prop. XLVII. 

Given two obferved altitudes of the fun, and the time 
between, with the change of declination in the interval of 
the obfervations, and the declination at thefirft\ to find the 
Uaitude of the place, 



254. Corred 



*' , 
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254, Correft the obfei;ved altitudes for parallax and 
refra&ion, and for the dip of the horizon, if neteffary ; 
by which you obtain the true altitudes. Let Z be FIG - 
•the zenith of the place, P the pole, S, s, the places 2 % m 
of the fun at the firft and fecond obfervations ; join 
PS, Ps, ZS, Zs by great circles; take Pt = PS, and 
join Si by a great circle; and draw Zx perpendicular 
to PS, Pr perpendicular to St, and tv perpendicular 
to Ss, Then we know PS, Ps, the complements of 
the declinations, st the change of declination, and the 
angle SPs correfponding to the interval of the obfer- ' 
virions.' Now as st is very fmall, stv may be con- 
fidered as a plane triangle ; alfo, the angle vst is very 
nearly =P/r=PSr; and as PS-Pt, Pr bifefts St, 

and the angle rPS = | tPS. Now * 

» 

_ p fin. SPx fin. rPS . x 
fin. rS=- > ( 2I *)» 

t „_ cof. SP x tan. rPS . . 
cot. rSPi= i — (220), 

/t;=fin. vstx st (i25) = fin. rSPx st, rad.= i. 

/Si = cofec. Stxtv (178) =cofec. St x fin, rSPx st. 

PSs = rSPdb*tSs. 

sv = coC v st x st (125)= cof. rSPx st. 

$s = Stdt* cof. rSPx x/ = 2 rSzt: cof. r5?x J/. 

\ ' Let^ 

• The £gn + is to be u(ed when the north polar diftance /»- 
creafes, and — when it decreafes. 

f lf^rSP (rtP) be /$# than 90 , and the north polar diffcmce 
incfeafe, or be greater than 90S and the north polar diftance decreafe, 
-the fign -f is to be ufed; otherwife, the fign — . 

' ' *3 
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Let E^ZS-Ss; then, 



fin 



/fin, j (Zs+E) xfin. j f&- £>P | 



fin. Z5x fin. Si 



(*4°). 



£SP:=PSjdfcZ$J. 

tan. ZSxcof. Z5P 
tap. S*= — . — ■ — - (? I 9)« 



Px=PSdzSx. 

fin. lat. = cof, PZ = -, — co ( Sx — =— (? 2 4)' 



Hence, let 

P = north polar diftance of the fun at firft obfervation; 
jw = | interval of the obfervations, reduced to degrees; 
Z~truc zenith diftance at the ift obfervation; 

% = : , 2d 

</ = change of declinatibn between the obfervations. 
Then we have the following Rule; 



Log. 
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Log. fin. P+log. fin. w— io,=log. fin. A. 
Log. cof. P + log. tan; m — i o, = log. cot. #. 
i?:±:*cofec. %A x fin. B x <£= C. 

2Adz*co£.Bxd=D. 

J^ar.co.l.fi.2>+arxo.I.fi.Z+l-fi4(»+^)+Lri.i(«-£)^Ui.^ 

C±zF=G. 

Log. cof, (r+log, tan. Z— io,=log. tarn H. 

P±=H=I. 

Log. cof. 7+log. cof. Z-f-ar. co. log. cof, //~io,:=Iog. fin. £«*• 



I$7 



-4 is of the fame affection as m. 
B is lefs or greater than 90% according as P is lefs, or 
' greater than 90 , if tn he le(s than 90 , . which will 
generally be the cafe. 
F is lefs than 90*. 
H is of the fame kind as G. 

, The computation of- cofec. 2 A x fin. Bx d 9 and 
cof. B x d^ may be readily performed by logarithms, 
without any more openings of the Tables, except 
for d % whofe logarithm will always be immediately 
found in the firft four pages of the Tables; and five 
figures of decimals will generally be found fufficient. 
In the firft operation, 20 is rejected from the index, 
and in thefecond, 10 is rejected, for the reafon in Art, 5q. 

Ex. 

• The fign + is to be ufed when the north polar diftance *>- 
creafcs, and — when it decreafis* 

f If B be lefs than 90 , and the north polar diftance increafe, or < 
be greater than 90 , and the north polar diftance decreaje, the fign -f 
is tq be ufed ; otherwife; the fign — * 

L 4 
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Ex. Let P = 76% Z«48 s . a6 ; , ^, 2 = 3-9*. $8 ; t 4 8\ 
^ = n°. 15', and </=82", M*' «w?A ^fl/ar <^*fl? mreafingi 
to Jin4 tie-latitude of the place. 



P=j6*. o\ .0" - - - - - 

temi. 15. a - - - - - t 



- - fin. 9,9869041 
- fin., 9,2902357 



Jzzio. 54*. 43 

^=76. o. 

mzzii. 15. 



o 

o 



£=87. 14. 42 



n. 



. - ? . . . • „ ait. 9,2771398 

I — — "^ 

------- cof. 9,383^752 

- t - - - - v - tan* 9,2986618 

.-»..- cot. 8,6823370 



9»999S< 
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&J—21. 49. 24 - - - - cofec. 10,42975 J 4"... log. o>595^4 
-{- o. o. 4 I 22o"^S3'.^.o // .o.log. 2,34306 I — cof.Dx^. 



jpr:2i. 49. 28 
2=48. 26. 48— 

E—Z—DzzzG. 37. 20 
*=39. 58. 48 - 

K+^=z66. 36. 8 
2— £=13. 21. 28 J 

i(* + £)=33. 18. 4 - 
£ (»-£)= 6. 40. 44 - 



= cofec. 2^xfin,2?x</. I 



^■— * 



ar. co. fin. 0,4297328 
an co. fin. 0,1259019 
fin. 9,739603a 



- , - - . fin. 9*0655976 

■ i 

r *)i9»3&>8355 



jF=28. 37. 34 r V • • t - - fin. 9,6804177 
. 1 — - '• « 



t ' - - - t<f* 9*937 2 945 

-■ - - tan. 10,0523771 

- - - - tan. 9,98967*6 



2F=57- 15. 8 
Cr;87. 18. 22 

C-C— 2^-30. 3. 14 - - ^ 

2= 48. 26. 48 - - 

#=44. 19. 8 - - 

,P=76 q. o 

J—P— #=31. 40. 5a ------ - cdf.9,9299215 

Z=48. 26., 48 ----- ? Jr - cof. 9,8*17211 

i/=44« 19, 8 -. - - - - ar. co. cof. 0,145413a 

Latitude zz $2. 5. 19 - * *' r - r * A n » 9>$97°5$8 



At 
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At land, the two obfervations may be made at the 
fame place; but on board a fhip In motion, the ob- 
fervations will bd made in different places'; in this 
cafe, the altitude at the fecond observation muft be 
reduced to what it would have been if the obfervatioi* 
had been made at the place where the firfl altitude was 
taken; for the method of doing which, fee my 
ftaEtical AJtronowy, page 50, 



Prop. XLVIIL 

To find the area of a fpherical triangle^ , ' < 

255. Let ABC be the triangle; complete the circle fig. 
AB, and produce BC 9 AC to meet at P, cutting the 35- 
circle AB in % R. Then as BR = 180 9 , and CZ)=r 
180 (159), we have BC^DR ; for the lame reafon, 
>AC = D2; alfp, the angle <C~tHe angle D (, x 73)i 
therefore the triangles ABC, D2R are equal; let 
each be reprefented by a\ and let b> c 9 d reprefent 
the relpeftive triangles in which they are placed. 
Put S = $ of the furface of the fphefe, r = it's radius, 
^ = 0,78539 &c. then ff"~S. Now by Art. 177. 



i8o» 
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180 : LBAC :: 25 : a+d 
180* : LABC :: 25 : a+b 
i8o p ; JLACB :: 25 : a+c 



<^m 



1» 



,\ i8p° : £-A+4-B + t-C :: zS ;. $a+b+d+c 

:: zS : za + zS 



:: S : a-f- S; 



hence, u = 5x 

■^+g + C- 180° 
' *8o° 



^ + i? + Ct- 180' 



= t 



ON THE VARIATION OF SPHERICAL 

TRIANGLES. 

256. If the radius of a circle,=r, tfasthe fine of 
an. arc 3, y = itVcofine; then (fee thfe Principles gf 
Fluxions^ Art, 46,) r : y :: z : x 9 and rx^yzi 
alfo, r : # :: & : -y 9 and —ry — xZ; the J/ is here 
written negative, becaufe y decreafes whilft z increafes. 
And what is true for the fluxions of quantities, will' 
be nearly true for very faiall increments, 



Prop, 
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Prop. XLIX. 

Let AB C be a right angled fpkerical triangle, right fig. 
angled at C\ &nd let the angle A remain confront; then, 2 9- 
AB ; AC :: fin. zAB ..-• fm. zAC. - 

257. For draw tnr perpendicular to AC and very 
near to BC, and mn parallel to rC; then confidering 
the incremental triangle Bpin a§ rediljnear*, < 



Bm : mn :: r : fin. B (J25) 
mn : rC :: coLBC : r (178) 

j.Bm(AB ) :rC{AC):: cof. BC : fin. B 

"cof. ^5 fin. ^C 






(212) 



cof. AC ' fin. AB 
:: {in./iBxcoCAB : fin.^Cxcof.^fC 
" ^ :: fin. zAB : fin. 2^C (97). 

' 258."Cor. When All = AC, fin, zAB = (in. z^Ci 
therefore AB + AC=go q . 



Prop. L. 

Let the hypothenufe AB remain conjlant, and th$ two fig, 
legs vary, then BC ■: AC ;: tan. AC : tan. BC. 30. 

259. For let ABC become AB c\ then (212) 
cot. dx tan. BC=rx fin. Cd= (as Cd is ^very fmall) 
rx Cd^atfo (^12), cot. dx tap. Ac—rx fin. r*/, or 

CPt. 

• In like manner, in. the following proportions we foppofe tlje 
incremental triangle to be rectilinear. 



Jk 
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cot. dx tan. AC=*rx cd; hence, ^^ = — - 

tan. BL r 

cd 



tan. AC 
tan, BC. 



, and <d (BC) : Cd (AC) :: tan, AC ; 



Pro?. U. 



H6. /» the right angled triangle JCB, let the baje AC re- 
3 ' * main ednjlant, and the angle A vary; then 

4B ; BC ;: tan. BC ; tan. AB 
B£ : A :: Jin. AB i Jin. B. 

260. For dfraw Am very near to AB> and mn perpen- 
dicular to AB ; then Bn(AB) : Bm(BC) :: cof. B 
: ^(125) :: tan.5C : tan. AB (219). 

Alfo, Bm (BC) -Jmn :: r : fin. B (128) 
m« : 2M» (A) :: fin. -rfg : r (178) 



■ ' '» 



,\ B6 -. A v. fin. y*£ : fin. 5. 



«*p 



Prop. LII. 

Fia> .£*/ -^5C be any fpherical triangle* having the angle A 

3?* and it's oppqfitejide BC conjiant; then, 

\ 

$ ; Ad :: tan. B r tan. AC. 
C : ^J5 .v tan. C : tan. AB. 

9 

AB : AC :: cof.C : cof, B. 
B ; C :; cof. AC •• a?/ ^. 

261. Let 
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26 1 . Let BC become ns 9 on which let fall the per- 
pendiculars Cfj Bm. Then mn is the decrement of 
the part Bv, and rs is the increment of the part vC; 
therefore mn = rs. Now' (221) fin. B : fin. AC :: 
fin. A : fin. BC y and as the two laft terms are con- 
ftant, the fluxions of the two firft terms muft be in 
the ratio of the two laft; hence (256), 



m 



cof. 2? x* 2? : cof. ACx AC :: fin, A : fin. BC. 

m • 

or, . B 1 AC :: fin. A x cof. AC : fin.UC x cof. B 

;: fin. B x cof. AC : fin. AC x cof. B* 

fin. B m fin. ^C 
# " cof. 5 # cof. ^C 

:: tan. 5 : tan. AC. 

In like manner it appears, that C : AB :: tan, C : 
tan. AB. 

Again, Bn(AB) : *;», om, :: r; cof. 5aw,c>rcof.Z?(i25) 

rs : Cs (AC) r. cof. s, or cof. C, : r (125) 

» ■»»■' ' ■ ■ — — — — ^— — ■— — » 

*\ ^S t ^C" :t cof. C : cof. B. 



*Miirf*i.*i 



Laftly, if we take the fupplemental triangle PQR fig. 
to ABC, then as ^ and 2?C are conftant in the tri- *9- 
angle AB C 9 QR and the angle P are conftant in the 
triangle PQR ; and as the two latter are the fupple- 
ments of the two fornber, the variations of the latter 
are the feme as the Variations of the former* and they 
have the fame fines, cofines and tangents refpedi vely ; 

bat 

# Bccaufe fin. A : fin. BC ;; fin. B ; fin, AC (221). "* 
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but by the laft cafe, PR : P& :: cof. 2 : cof R; 
therefore B : C :: cof; /*C j cof AB. 



Prop. UII. 
fig. In any triangle ABC, let the angle A and the fide AB 



33* remain conji ant ; then, 

AC : B :: Jin. BC i Jin. C. 
BC : B' ::Jin.BC : tan. C. 
AC : .BC :: rod. : cof. C. 
' AC : C :: tan. BC : Jin.C. 
& : C :: rad. : cof. BC. 

262. Let BC become Br, and draw rtn perpendi- 
cular to BC; then, 

rC (AC) :rm :: t : fin. C (128) 

rm : rBC (fi) :'. fin. Br, or fin. BC, : r (178) 

>. AC '.£.'. fin. BC : fin. C. 



-»** 



Again, Cm(BC) : mr :: fin. mrC, or cof. C, : fin.C(l28) 
Mf.rBC(B) y.fa.BCir(fi%) 

■- ' •■ ■ — -- ■- 

.-. BC : B~ :: cof Cx fin, SC:fin.Cxr 

:: fin. £C : tan. C. 

Next, rC (AC) : wC (£C,/ :: r ; cof. C (125), 

\ 

TlGm Take now the (upplementai triangle PQR to ABC; 

ly. then as ^f and AB are. conftant in ABC, 2R and jR 

are conftant in />&£ ; therefore by the laft cafe but 

. one in this propofition, 2' : P3 :: tan. P : fin. P2, 

that is, AC : C ;; tan. BC : fin. C. 

Laftly, 



SPHERICAL TRIGONOMETRY. 

Laftly, as B : AC :: fin. C : to\;BC 
and AC : C :': tan. BC : fin. C 



i' N 



.♦.5 : C :: tan. 5C : fin. i?C 
:: r : cof.\BC(78) 



*lzmm 



*75 
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Prop. XIV. 

J* any triangle ABC y let the two fides AB, AG remain **<*< 
conjlanty then, 34* 

t ^ 

A : BC :: eofec. C : fin. AC, or, :: cofec. B : fin. AB. 
A :'M :: rxfin.BC : fin. AC xcof. ACB. 
C : B :: tan. C : tan. B. 
BC : B :: fin. BC : cot. C. 

263. Let ABC become ABm, taking Am— AC; 
join Bm, and draw Cr perpendicular to it y then* 

A : Cm^:: r : fin AC (178) 

Cm : mr (BC) :: r : fin. rCm 9 or fin. ACB (12S) 



/. J : BC 



or, 



: r* : fin. A C x fin. ACB 

r % 
: ^ — IjCB 9 0T ^S) cofec. ACB, : fin.^C; 

: r % : fin. ABxfm. B* 

r % 
: j — j?, or (83) cofec. B', : fin. AB. 

Again, 



• For (aai) fin. AB : fin. AC :: fin, ACB ; fin. B, therefore 
touABxfa. 2f=fin. ACx&n. ACB. 



Ij6 3FHHR1CAL TntGOtf OMETRt, 

Again, A : Cm :: r : fa. AC (178) 

C» : Or : : r : fin. Gwr( 128 ^OFCof.^^orcof.^Ci? 
Cr : B ::fi«. BC : r (178) 

.♦. A zB :: r x fin. 5C : fin. AC x cof. ACE 

Next, fin. C : fin. B :: fin. -<fB : fin* AC (221), 
and as the two loft terms are conftant, the fluxions of 
the two firft terms muft be in the ratio of the twtf 
laft; hence (256), 

Cof. Cx C : oef. B x & :: fin. 4B : fin* AC 
or, C : 2? :: cof. 2?x fin. AB : cof. C x fin. AC 
:: cof. B x fin. C : cof. C x fin. 5 * 
:: tan. C : tan. B. 

Laftly* as JK? * ^" :: fin. ^Cxfin, ACB : r* 

and ^ :2?:: rxfin.2?C: fin.^Cxcof. C 



.*. BC : £ :: fin. 5Cx fin. G : rx cof. C 

:: fin. £C •* cot. C (81) 



B^^*M^^pNMwi|| 



264. Cor. By Art. 248. the tang, of C =s 

. t*x&n.B 

fin. BC x cot. AB - coC £C x cof. B ' therefore c <*- C 

f r x \ fin. BCx cot, ,rfg- cof £Cx cof. B 
\~tan. C/ ""^ fin. 'l? " » 

lubftitute this for cot. C in the lafi: proportion, and we 

get J=*C x ^^j-j- - —^ . If 5 reprc . 

• Bectufe fin. AB : fin. ^fC ;: fin. C : fin. £ ( a »0. 
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feat the pole of the equator, A the zenith, C the fon, 
' this equation gives the corre&ion for finding the time 
of apparent noon, from equal altitudes of the fun. 



Prop, LV, 

In any triangle ABC % let the twa angles B> C, remain 
conftant; then y 

BC : A :: cofec A& t Jin. B 9 or> :: cofcc. AC ijin* C. 
BC ; Ad :: rxjin. A : Jin. Bxcof. AB. 
A& ■: AC :: tan. AB : tan. AC. 
A : AC :: Jk. A : cot. AB. 

\ 

265. Take the fuppbmental triangle PQR to FIG : 
yfBC, then PR and PQ are conftant; therefore by * 9 \ 
Prop. 54. ^ 

i* : 2/2 :: cokc.R : &n.PR, or, :: cofec.S : fi,n.P2, 
or, BC : A :: coke. AB : fin. 2?, or, :: coke. AC : fin.C. • 

Again, P : 2T :: rxfin.25 : fin. PR x cof. R, 
or. BC : AC :: rxfin. A : fin, 2?xcof. AB\ 

... i 

Alfo, R : 2 :: tan. 2? : tan. % 

or, yf# : AC v. tan. 4# : tan. ^C. 

/ 

Laflly, 2R' : 2" :: fin. 2£ : cot. R, 
or, /f : ^C :: fin. ^f : cot. AB. 



1 ' 



M 266. Thefe 
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266. Thefe theorems are of gFeat ufe in Aftro- 
nomy, where, having giveii the variation of one 
quantity, it is frequently required to find the cotem- 
porary variation of another which depends upon it. 
For inftance, in Prop. 54. If A reprefent the pole 
of the equator, B the zenith, C the fun, then A "re- 
prefents the variation of the hour-angle, and BC the 
correfponding variation of the altitude ; if therefore 
one be given, the other may be found from the pro- 
portion between thefe quantities Alfo, B reprefents 
the correfponding variation of the azimuth, which is 
therefore known when A is given. If BC=$o 9 9 and 
2?C= the fun's diameter, then A (reduced into time) 
gives the time in which the fun afcends above the ho- 
rizon. If BC =5 33', -then A gives the time by which 
the riling of the fun is accelerated , by refraction. It is 
however fometimes neceflary to reduce the ratios here 
given, by fubftituting for fome, or all of the quan- 
tities, others which are equal to- them, in order to 
. bring them to a more convenient form for the calcu- 
ation, an inftance of which is given in Cor. 
Prop. 54. The nature of the reduction rriuft depend 
upon the form to which it may be proper to reduce 
the ratio. ., 

267. If we fuppofe the fides of the triangle ABC 
to be diminiflied without limit, it will approach to a 
redtilinear triangle as the limit; and inftead of the 
fines and tangents of the fides, we may fubftitute the 
"fides themfelves. For inftance, if ABC be a reftili- 
near triangle, when two-angles, B 9 C> remain conftant; 
we have (265), A8 : AC :: AB : AC. And if 
the two fides AB, AG, remain conftanc, we have 

(*6 3 ), 



\ 
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(263), A : S r.rxCB : cof. CxAC.' In this 
manner, the variations of plane triangles may be de- 
duced from thofe of fpherical; the variations however 
of the former may be immediately deduced from the 
triangles, in 3. manner, exa&ly fimilar.to thac by 
which we deduced the latter. 
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ERRATA AtfD ADDENDA, 



Fa ci 64* h 8. from bottom for next, read ijtfc. 
1. 3. from bottom for 50, r$ad 5a. 
85, I. 7. from bottom, after Tables, inJertsHfoikw*: 

Let *°. J' be an arc, whofe logarithm (/) is next /</? than the 
given logarithm (£), if it be that of z.fine, tangent, or fecant, or; 
next greater, if it be that of a <to#b/, cotangent, or cofecant; and let 
V be the difference of the logarithms correfponding to 1"$ theft 
£ : &*»/,:! I'" : r', and «°. £'. r" b the arc corresponding to the 
given logarithm (£)• On the contrary, given the arc a . i\ c" to 
$nd the logarithm L. Let J be the logarithm of a°. i'; then. 
1* : r" :; ^ : D, and Z+ Z) is the required logarithm, if it be 
that of zftte, tangent, orfecatit, and Z— 2) is the logarithm, if it 
be that of a cofine, cotangent, or cofecant* 



1 



<«• 



/ 



S" 




/ 



i 
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ERRATA TO TRIGO 

Page 24. 1. 4. for ar. CO. U, read ar. 
7s. J. laff bat one, _/«■ 9,999998 

, 138. 1. 8. fir fm.BAE — '-— 

cof. BExRn.ABE _,. 
1 This 

inferted by miitake, it beirt 
161. 1. 10. 'after AC /*/ log.' •» 
168. 1. 13. fir cof. Dx«6 narf ( 



